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Introduction 



In order to understand foliations, it is of great importance to investigate the 
structures obtained by transporting a foliation along a map that need not 
be transversal to the leaves. If not before, this became evident after the 
Haefliger's proof of non-existence of analytic foliations of codimension one on 
S^. A. Haefliger was the first who considered a foliation on M not solely as 
a partition of M, but as a cohomology class of cocycles on M with values in 
the pseudogroup of diffeomorphisms of R'' - an instance of what is nowadays 
known as a Haefliger structure on a topological space X with values in an etale 
groupoid G ^Hl- Such structures are not only fully functor ial in X, but can 
also be seen as generalized foliations on X. Indeed, a Haefliger G-structure on 
X induces a partition of X into leaves equipped with their holonomy groups, 
and this partition is locally given by the fibers of a continuous map. 

This is not the only direction from which topological groupoids enter fo- 
liation theory. The holonomy groupoid of a foliation is a good choice to rep- 
resent the transversal structure of the foliation [SI in contrast with the 
space of leaves which is often useless. By reducing this groupoid to a com- 
plete transversal one obtains a Morita equivalent etale groupoid. Moreover, 
a foliation on M can be canonically represented by a Haefliger structure on 
M with values in the reduced holonomy groupoid of the foliation - the struc- 
ture which plays the role of the quotient projection from M to the transversal 
structure of the foliation. Indeed, a Haefliger G-structure on X should be seen 
as a map from X to G, as a special case of a Hilsum-Skandalis map between 
topological groupoids ^1^1130]. These maps were introduced in jT^] as the 
maps between the transversal structures of foliations. A Hilsum-Skandalis 
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map between H and G is an isomorphism class of principal G-iif-bibundles. 
These maps can be composed: they form a category in which two topological 
groupoids are isomorphic if and only if they are Morita equivalent. Further- 
more, the category of topological spaces is a full subcategory of the category 
of Hilsum-Skandalis maps, and the Hilsum-Skandalis maps from a topological 
space X to an etale groupoid G are precisely the Haefliger G-structures on 
X. The Hilsum-Skandalis maps arose independently in topos theory: in I. 
Moerdijk showed that the Hilsum-Skandalis maps between suitable groupoids 
H and G are in a natural bijective correspondence with the geometric mor- 
phisms between the classifying toposes of H and G (see also 0). 

The first goal of this thesis is to show that any Hilsum-Skandalis map from 
H to G can be seen as a generalized foliation on the topological groupoid H: 
it induces a partition of the space of objects Hq of H into i3"-invariant subsets 
- the leaves. A leaf comes equipped with its leaf topology, a right iif-action 
and its holonomy group. We show that if G is etale, then the holonomy group 
of a leaf L is the image of a homomorphism (the holonomy homomorphism) 
from the fundamental group tti(H(L)) of the groupoid H[L) associated to 
the iJ-action on L. 

In Chapter IHII we study the stability of the leaves of Hilsum-Skandalis 
maps with compact orbit spaces. In its simplest form, the Reeb stability the- 
orem says that a compact leaf of a foliation on a manifold with finite 
holonomy group has a neighbourhood of compact leaves. In particular, any 
compact leaf with finite fundamental group has a neighbourhood of compact 
leaves. The Haefliger-Reeb-Ehresmann stability theorem extends this re- 
sult to Haefliger structures on topological spaces. On the other hand, the Reeb 
stability theorem was generalized by W. P. Thurston in We generalize 
the Haefliger-Reeb-Ehresmann stability theorem as well as the Reeb-Thurston 
stability theorem to Hilsum-Skandalis maps. The proofs are eventually re- 
duced to the simple case of a continuous map between topological spaces. To 
generalize the Reeb-Thurston stability theorem, we need to introduce the lin- 
ear holonomy homomorphism dTLi of a leaf L of a Hilsum-Skandalis map E 
from H to an etale C^-groupoid G modeled on a Banach space. We define 
dTiL as a representation of the fundamental group tti{H{L)) on the tangent 
space of Go at a suitable point. If the map E satisfies some mild conditions, 
we prove the following: Let L be a leaf of E such that the orbit space of L is 
compact. Assume that 

(i) KeidTCL is finitely generated, 

(ii) Hom(Kerd7^L,R) = {0}, and 

(iii) the image of dTii is finite. 

Then the holonomy group of L is finite, and there exists an i?-invariant neigh- 
bourhood of L in Hq which is a union of leaves of E with compact orbit spaces. 
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This generalizes the Reeb-Thurston stabihty theorem. To facihtate the proof, 
we introduce the notion of a differential category. We show that these cate- 
gories naturally arise from the affine manifolds. 

In Chapter IIVI we illustrate these results in some special cases. We show 
that an equivariant foliation on a manifold M equipped with an action of 
a group G can be represented by a Hilsum-Skandalis map from the groupoid 
G{M) associated to the action, to the groupoid of germs of diffeomorphisms 
of R"^. We establish the relation between the holonomy groups of the leaves of 
this Hilsum-Skandalis map and the equivariant holonomy groups of the leaves 
of As a consequence of the stability theorem for Hilsum-Skandalis maps and 
under some mild conditions, we prove that a leaf of with finite equivariant 
holonomy group and compact orbit space has a G-saturated neighbourhood 
of leaves of J-" with compact orbit spaces. If in addition the foliation is of 
codimension one, we obtain the following generalization of the Reeb-Thurston 
stability theorem: Assume that L is a leaf of T with finitely generated equiv- 
ariant fundamental group such that 

(i) the foliation is equivariantly transversely orientable around L, 

(ii) the orbit space of L is compact, and 

(iii) the first equivariant cohomology group of L with coefficients in R is 
trivial. 

Then the equivariant holonomy group of L is trivial, and there exists a G- 
saturated neighbourhood of L which is a union of leaves of J- with compact 
orbit spaces. 

In Chapter |V| we introduce some algebraic invariants of Hilsum-Skandalis 
maps. First, we use the category of Hilsum-Skandalis maps to define higher 
homotopy groups of topological groupoids. Since these groups are functorial 
with respect to the (pointed) Hilsum-Skandalis maps, they are invariant un- 
der Morita equivalence. For a suitable groupoid G, these homotopy groups 
coincide with the higher homotopy groups of the classifying space and of the 
classifying topos of G [23. In particular, the ffist homotopy group of a suit- 
able effective groupoid G is exactly the fundamental group of G as described 
by W. T. van Est 

Next, we introduce singular homology groups of topological groupoids. 
These groups are much simpler than the homology groups of the classifying 
spaces associated to topological groupoids. The singular homology groups 
are functorial with respect to the Hilsum-Skandalis maps and hence invariant 
under Morita equivalence. In particular, we can define the n-th singular ho- 
mology group Hn{{M, T);Z) of the transverse structure of a foliation ^ on a 
manifold M, and obtain a homomorphism 

Hn{M;Z)^Hn{{M,ry,Z) . 
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For an etale groupoid G we give a particularly simple description of the sin- 
gular homology groups of G in terms of singular simplexes in the space of 
objects and in the space of morphisms of G. Moreover, we prove that the 
effect-functor induces isomorphisms between the singular homology groups of 
G and of its effect Eff(G). 

Finally, we consider the algebra C^(G) of C^-functions on an object- 
separated finite-dimensional etale C""-groupoid G, introduced by A. Connes 
jSj. To a Hilsum-Skandalis map E between such groupoids H and G we 
associate a C^(G)-C^ (iJ)-bimodule C^{E), and prove that becomes a 
functor from the category of Hilsum-Skandalis maps between separated finite- 
dimensional etale C""-groupoids to the category of locally unital bimodules 
over algebras with local units. In particular, this yields that C^-Morita equiv- 
alent separated finite-dimensional etale C-groupoids have Morita equivalent 
algebras - a more general version of this result was announced in (3] . 



Chapter I 

Background 



To start with, we recall definitions and some well-known facts about folia- 
tions lainiElISi, topological groupoids [11111131131131101 and Haefliger 
structures pi [TCI- 

I.l Foliations 

Let M be a C^-manifold of dimension n (without boundary). A foliation T on 
M of codimension g (0 < g < n) is a maximal C^-atlas (99^ : Ui R") on M 
for which the change of coordinates diffeomorphisms ipij = fio(f~^\^_.(^u^Qi/.--^ 
are locally of the form 

^ij{x,y) = {(plf{x,y),iplf(y)) 

with respect to the decomposition R" = R""'' x R'^. The connected compo- 
nents of (f^^(RP~'^ X {y}), y G R"^, are called the plaques of in Ui. They 
decompose Ui into (n — q)-dimensional submanifolds, and a change of coor- 
dinates preserves this decomposition. Therefore the plaques globally amalga- 
mate into connected C^-manifolds of dimension n — q, called the leaves of J-, 
which decompose M. Each leaf is injectively immersed into M, but it may 
not be embedded. 

The space of leaves MjT of J- is obtained as the quotient of M by identi- 
fying two points if they lie on the same leaf. 

Let L be a leaf of T and let o" be a path in L. Let T and T' be transversal 
sections of T (i.e. C^-immersions R"^ — > M which are transversal to the 
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leaves of J-) such that T(0) = cr(0) and T'(0) = cr(l). The fohation on a 
small neighbourhood of o"([0, 1]) provides a C^-diffeomorphism between small 
neighbourhoods of the origin in R'' which fixes the origin, and the germ at 
of this diffeomorphism 

RoIt',t{(t) e Diffo(R^) 

is called the holonomy of a with respect to the transversal sections T and T'. 
If two paths in L are homotopic in L with fixed end-points, they have the same 
holonomy, hence we can regard Ho1t",t as a function defined on the homotopy 
classes of the paths in L from T(0) to r'(0). If a' is another path in L with 
cr'{0) = (t(1) and T" a transversal section of JF with T"(0) = cr'(l), then 

HoIt^// T'ip'') ° HoIt' t(c") = Holj^// 'p((t'(t) . 

In particular, we have a homomorphism 

HoIt = Ho1t,t : ^i(L,T(0)) — > Diffo(R'^) , 

called the holonomy homomorphism of L (with respect to T). The image of 
HoIt is called the holonomy group of L. The holonomy homomorphism and the 
holonomy group are determined uniquely with the leaf L up to a conjugation 
in the group Diffo(R'^). If holonomy group of L is a subgroup of Diff||(R''), 
i.e. if all the germs in HolT'(7ri(L, r(0))) preserve the orientation of R"^, we 
say that T is transversely orientable around L. 

By composing the holonomy homomorphism of L with the homomorphism 

d : Diffo(R'?) — > GLq(R) , 

which sends a germ of a diffeomorphism to its differential at the origin, one 
gets the linear holonomy homomorphism 

dRolr : TTi{L,T{0)) — > GLg(R) 

of L with respect to T. The image of dHolT is called the linear holonomy 
group of L, and is determined up to a conjugation by the leaf L. 

The simplest form of the (local) Reeb stability theorem, proved by G. Reeb 
in 1957 [HSj, is the following: 

Theorem 1. 1.1 Let T be a foliation on a finite- dimensional Hausdorff C^- 
manifold M. If L is a compact leaf of T with finite holonomy group, then L 
has an arbitrary small neighbourhood of compact leaves. 

In particular, if L is a compact leaf of T with finite fundamental group, 
then L has an arbitrary small neighbourhood of compact leaves. 

The second part of this theorem was generalized by W. P. Thurston [35] 
as follows: 
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Theorem 1.1.2 Let !F he a foliation on a finite- dimensional Hausdorff C - 

manifold M. If L is a compact leaf of T with trivial linear holonomy group, 
and if H^{L;R) = 0, then L has an arbitrary small neighbourhood of compact 
leaves. 

In particular, if J- is of codimension one and L is a com,pact leaf of T such 
that J- is transversely orientable around L and H^(L;R) = 0, then L has an 
arbitrary small neighbourhood of compact leaves. 

A foliation of codimension g on a C^-manifold M of dimension n can be 
represented by a family of C^'^-submcrsions (sj : Vi — > R-^), where (V^) is an 
open cover of M, which satisfy the following condition: For any x G Vi nVj 
there exists an open neighbourhood W C ViOVj oi x and a C^-difFeomorphism 

: Sj{W) Si{W) such that 

Si\w = oSj\w ■ 

The leaves of the foliation are now obtained as the amalgamations of the 
connected components of the fibers of the submersions. 

With a fixed W, the diffeomorphism is clearly uniquely determined. 
In particular, for any x G fl V^- the germ of at Sj{x) does not depend on 
the choice of W. We will denote this germ by Cij{x). 

Denote by F^i the set of all germs of (locally defined) C^-diffeomorphisms 
of R*^. If 7 = germ^. / for a diffeomorphism f : U ^ V, where U and V 
are open subsets of and x E U, we define the domain dom 7 of 7 to be x 
and the codomain cod 7 to be f{x). This gives the domain and the codomain 
functions 

dom, cod : F^i — > R*^ . 

For any x G R^ there is a germ uni x = la; of the identity diffeomorphism at 
X. This gives the function 

uni : R* — > F^j . 

If 7', 7 G F^i are such that dom^' = cod^, we define the composition 
com(j',j) = 7' 07 to be the germ at dom^ of the composition of diffeo- 
morphisms representing 7' and 7. This gives a function 

com : F^i Xj^. F^i — ^ F^i . 

Finally, for any 7 G F^^ there is the inverse invy = 7~^, given as the germ 
at cod 7 of the inverse of a diffeomorphism representing 7. Hence we have a 
function 

inv : F^i — y F^j . 

This gives F^^ a structure of a category in which all the morphisms are in- 
vertible. 



14 



CHAPTER I. BACKGROUND 



There is a natural structure of a (non-Hausdorff ) C^-manifold of dimension 
q on r^i, which can be characterized as follows: For any C^-diffeomorphism 
f : U ^ V between open subsets of R*^ , the map f : U ^ , given by 

f{x) = germ^ / , 

is a C^-diffeomorphism onto its (open) image. With this structure, the maps 
dom, cod, uni, com and inv becomes local C^-diffeomorphisms. 

Now the germ Cij{x) defined above is an element of r^^, and this gives 
submersions 

cij : Vi n Vj r^i . 

Moreover, 

(i) Cii{Ui) C um(R«), 

(ii) domoCij = dom o Cjj\vinVj j codoCij = codocalvinVj: f'lid 

(iii) como{cij,Cjk)\vinVjnVk = Ciklvinv^nVk- 

Note that the submersions (sj) can be recovered from the family (cij) as Si = 
domoCii = codoCii- A family of C-'^-maps (cjj : Vi H Vj — > T^i), which 
satisfies the conditions (i), (ii) and (iii) above, is called a F^i-cocyc/e of class 
on the open cover (Vi) of M. A F^i-cocycle of class on (Vi) represents 
a foliation on M precisely if the maps of the cocycle are submersions. 

Example 1.1.3 (1) Let M and N be finitc-dimcnsional C^-manifolds and 
s : M ^ a submersion. Then s defines a foliation J-" on M. The codimension 
of J- is the dimension of N. The leaves are the connected components of the 
fibers of s, they are all embedded, and they all have trivial holonomy groups. 

(2) Let T he a, foliation on a C^-manifold M of dimension n. A diffeo- 
morphism of M preserves J- if it maps leaves into leaves. Let G be a properly 
discontinuous group of C^-diffeomorphisms of M which preserve J-. Then 
M/G is a C-'^-manifold of dimension n such that the quotient projection 

p:M — ^ M/G 

is a covering projection of class C^. Moreover, there is the induced foliation 
J-/G on M/G such that p maps leaves of J- to leaves of T /G. 

(3) As a special case of (1) and (2), take M = R^, A = R, s = : ^ 
R, and let G be the infinite cyclic group generated by the diffeomorphism / 
of R^ given by 

/(x,y) = (x + 1,-y) . 

Clearly / (and hence also f^) preserves the foliation T on M given by s, and 
G is a properly discontinuous group. The space M/G is the open Mobius strip 
and all the leaves of J-/G are diffeomorphic to S^. All the leaves of J-/G have 
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trivial liolonomy groups with the exception of the central one, i.e. s ^{0)/G, 
which has the holonomy group Z/2Z. 

(4) Take M = R^, let a G (0, 1) \ Q and define a submersion s : ^ R 

by 

s{x,y) = x-ay . 

Let G be the group generated by diffeomorphisms / and /' of R^ given by 
f{x,y) = {x + l,y) and f'{x,y) = {x,y + 1). The diffeomorphisms / and /' 
preserve the foliation given by s, the group G is properly discontinuous, and 
M/G = T^. Any leaf of !F /G is diffeomorphic to R, and is dense in M/G with 
trivial holonomy group. The space of leaves of T/G has the trivial topology. 
The foliation T/G is called the Kronecker foliation of the torus. 

(5) Let M = R^ \ {0} and let T be given by the submersion s = : 
M — > R. Let G be the properly discontinuous group generated by the diffeo- 
morphism / of M given by 

f{x,y) = {2x,2y) . 

The diffeomorphism / preserves J^. The induced foliation T/G on the orbit 

space M/G = has two compact leaves, both diffeomorphic to and with 
holonomy group Z. Any other leaf of J- /G is diffeomorphic to R, has trivial 
holonomy group, and has both the compact leaves in its closure. 

1.2 Topological Groupoids 

A groupoid G is a small category in which any morphism is invertible. We 
denote the set of objects of G by Go, and the set of all morphisms of G by 
Gi. Since G is a category, we have the domain and the codomain map 

dom, cod : Gi — > Go , 

the unit map 

uni : Go — ^ Gi 

and the composition map 

com : Gi Xq^ G\ — > G\ . 

We write !„ = uni{a) and g' og = com{g', g). In addition, we have the inverse 
map 

inv : Gi — >■ Gi 

which maps a morphism g to its inverse g~^. We write G{a,a') for the set of 
morphisms of G with domain a and codomain a'. The group G(a,a) is called 
the vertex group of G at a. 
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A topological groupoid El |21] is a groupoid G such that Go and Gi 
are topological spaces, the structure maps of G (i.e. the maps dom, cod, uni, 
com and inv) are continuous, and the domain map of G is open. 

In a topological groupoid G, the codomain and the compositions map are 
also open, and the unit map is an embedding. In particular, we will often 
identify Gq with uni{Go) C Gi. 

Let r G {0, 1, . . . , oo}. A C^-groupoid is a topological groupoid G such 
that both Go and Gi are C^-manifolds modeled on Banach spaces (over R) 
|21j . all the structure maps are of class C^, and the domain map is a sub- 
mersion. A C'-groupoid G is finite-dimensional if both Go and Gi are finite- 
dimensional C'-manifolds. We will always assume that our C^-manifolds are 
without boundary, but they may not be Hausdorff. Observe that the assump- 
tion that the domain map is a submersion implies that the pull-back (i.e. the 
fibered product) Gi xq^ Gi has a natural structure of a C^-manifold. More- 
over, the codomain and the composition map are also submersions, and the 
unit map is an immersion. 

An etale groupoid is a topological groupoid with the domain map a local 
homeomorphism. All the structure maps of an etale groupoid are local home- 
omorphisms, and all the structure maps of an etale C^-groupoid are local 
C^-diffeomorphisms. 

A continuous functor between topological groupoids : iJ" — > G is a 
functor such that both (pQ : Hq Go and (f) = 4>i : Hi — > Gi are continuous. 
Analogously, one has the notion of a -functor between C-groupoids. 

We will denote by Gpd (respectively Gpdg) the category of topologi- 
cal (respectively etale) groupoids and continuous functors. We denote by 
Cpd** (respectively Gpdg) the category of C^-groupoids (respectively etale 
C-groupoids) and C""-functors. 

Example 1.2.1 (1) Let X be a topological space. Then X can be viewed 
as an etale groupoid, with Xq = Xi = X and with all the structure maps 
the identities. The category Top of topological spaces is a full subcategory of 
Gpdg. Any C-manifold is an etale C""-groupoid. 

(2) Let G be a topological group. Then G is also a topological groupoid 
with Gi = G and Go = {*}, i.e. an one-point space. It is etale if and only if the 
group is discrete. The category of (discrete) groups Grp is a full subcategory 
of Gpdg. 

(3) Let X be a topological space and G a topological group acting contin- 
uously on X. Denote the action by 

v.XxG — > X . 

There is a topological groupoid G{X, u) (denoted also by G{X)) associated to 
this action, with G{X)q = X and G{X)i = X xG. The domain map of G{X) 
is ly, the codomain map is the second projection, and the composition is given 
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by 

{x',g')c,{x,g) = {x',g'g) . 

The groupoid G{X) is etale if and only if G is discrete. 

(4) In Section 11.11 we saw that the C^-manifold F^j is the space of mor- 
phisms of an etale C^-groupoid, denoted again by T^j. In particular, the space 
of objects of is R''. The groupoid F^^ is called the Haefliger groupoid of 
dimension q. 

More generally, if X is a topological space, we define the etale groupoid 
r(X) of X in an analogous way, so that the space of objects of T{X) is X 
and the space of morphisms of T{X) is the space of germs of locally defined 
homeomorphisms of X. 

If M is a C'-manifold, the germs of locally defined C-diffeomorphisms 
of M form an etale C""-groupoid Tcr{M), which is an open subgroupoid of 
r(M). In particular, F^i = Fci(R''). 

(5) Let M be a finite-dimensional C^-manifold and J- a foliation on M. 
Then there is a groupoid Hol(M, .F), called the holonomy groupoid (or the 
groupoid of leaves) of J-., defined such that the space of objects of Hol(M, T) 
is M, and the morphisms of Hol(M, JF) are the holonomy classes of paths 
inside the leaves of J-. There is a natural structure of a C^-manifold on 
Hol(M, which makes Hol(M, .F) into a C^-groupoid (for details, see [101). 
The groupoid of leaves of a foliation reflects the transversal structure of the 
foliation, and is a good replacement for the space of leaves of the foliation 
which can behave very badly (see Example HXH (4)). 

Let G be a topological groupoid. The space of orbits \G\ of G is the 
coequalizer 



dom 

Thus |G| is the quotient space obtained from Go by identifying two points 
whenever there is a morphisms in Gi between them. Clearly, | - 1 can be 
extended to a functor 

I - I : Gpd — > Top . 

Let G be an etale groupoid. There is a canonical continuous functor 

t.G^ F(Go) , 

called the effect-functor, which is given by 

t{g) = geiTa.^^^g{cod o{dom , 

where C/ is a small neighbourhood of g € Gi. In particular, cq is the identity 
on Gq. The map e is a local homeomorphism. The image of e is an open 
etale subgroupoid Eff(G) of F(Go), called the effect of G. The etale groupoid 
G is called effective if e is injective on morphisms: in this case e provides 
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an isomorphism G = Eff(G). The effective groupoids are also referred to as 
S'-atlases jl3_. If G is an etale C^-groupoid, then Eff(G) is actually an open 
C^-subgroupoid of Tc^{Go). Observe that Eff can be extended to a functor 

Eff : Gpdg — > Gpdg , 

whose image is equivalent to the full subcategory of effective groupoids, and 
Eff^ = Eff, i.e. Eff is a projector. 

Example 1.2.2 Let X be a topological space. Denote by Tx the set of all 
transitions of X, i.e. of all homeomorphisms between open subsets of X. A 
pseudogroup on X is a subset V oiTx such that 

(i) idu € V for any open subset U of X, 

(ii) if /, /' G V, then /' o e V, 

(iii) iif£V, then /"^ G V, and 

(iv) if / G 7x and (Ui) is an open cover of dom{f) such that (/IcfJ C V, 
then f (^V. 

For example, Tx itself is a pseudogroup. If M is a C-manifold, then all 
C^'-diffeomorphisms between open subsets of M form a pseudogroup C]^^ on 
M. 

For a pseudogroup V on X one can construct the associated etale groupoid 
r-p(X) of germs of homeomorphisms in V, in an analogous way as we con- 
structed the groupoid r*,i in Section iLll This groupoid is obviously effective. 
One has rr^(X) = r(X) and Tci^{M) = Tcr{M). 

Conversely, let G be an effective groupoid. A subset U of Gi is called 
elementary if it is open and both dom \ jj and cod \ u are injective. Define 

^{G) = { cod o{dom \u)^^ \ U elementary subset of Gi } . 

It is easy to see that ^(G) is a pseudogroup on Gq. 

For any topological space X, these two constructions give a bijective cor- 
respondence between pseudogroups on X and isomorphism classes of effective 
groupoids with the space of objects X. 

A continuous functor (respectively a C^-functor) (p : H ^ G between 
topological groupoids (respectively C^-groupoids) is an essential equivalence 
(respectively a -essential equivalence) if 

(i) the map 

codopri : Gi Xq^^ Hq — > Gq 
is an open surjection (respectively a surjective C^-submersion) , and 
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(ii) the square 



(dom,cod) 



(dom,cod) 



Ho X Ho Go X Go 

is a pull-back of topological spaces (respectively of C-manifolds). 

In (i) above, the pull-back Gi x^^ Ho is the pull-back of the maps dom and 
(po- If and G are etale and (p : H ^ G is an essential equivalence, then 
both (po are (pi are local homeomorphisms. 

The Morita equivalence is an equivalence relation between topological gro- 
upoids, the smallest such that two topological groupoids are Morita equivalent 
whenever there exists an essential equivalence between them. Similarly, one 
has the notion of a C^-Morita equivalence. 

Remark. An essential equivalence as well as Morita equivalence are in some 
literature referred to as weak equivalence. It can be shown that two topological 
groupoids H and G are Morita equivalent if and only if there exists a topo- 
logical groupoid K and essential equivalences (p : K ^ G and : K ^ H 



Example 1.2.3 (1) Let X be topological space, and let (Vi) be an open cover 
of X. We will now define an etale groupoid V associated to the open cover 
(Vi) and an essential equivalence l : V ^ X. 

Define the space of objects of V as the disjoint union Vq = Ui 
Lo ■ V ^ X he the obvious local homeomorphism. Define now Vi, ti and the 
domain and the codomain map of V by the following pull-back: 



V^ X 



{dom, cod) 



{id, id) 



Vo X Vo X xX 

In fact, we can take Vi = Uj j ^ H V^-. There is a unique way to define the 
composition on V, since there is at most one morphism between arbitrary two 
objects of V. It is easy to see that V is indeed an etale groupoid, and it is 
obvious that l is an essential equivalence. 

If X is a C^-manifold, then V is a C-groupoid and t is a C'-essential 
equivalence. 

(2) Let .7-" be a foliation of codimension q on a C^-manifold M of dimension 
n. Represent by a F^i-cocycle of submersions (cij) on M with respect to 
an open cover (Vi), as we explained in Section iLll Let V be the etale C^- 
groupoid associated to the cover (Vi) and let L -.V ^ M he the C^-essential 
equivalence, as in (1). 
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Now the coproduct of the submersions (cjj) defines a C^-functor 



since we have Vi = JJ^^ Vi OVj. This functor is a submersion on morphisms 
and hence also on objects. Observe that in fact the C^-functors V F^i 
are exactly the r^i-cocycles of class on M with respect to the open cover 
(Vi), and that the functors which are submersions on morphisms correspond 
exactly to the cocycles of submersions, hence they represent foliations on M. 

(3) Let J- he a foliation of codimension q ona C^-manifold M of dimension 
n. A complete transversal of is a C"^-immersion T : — > M of a C^-manifold 
of dimension q which is transversal to the leaves of and such that T{N) 
meets any leaf of in at least one point. A complete transversal obviously 
always exists, and in fact one can assume that A^ is a disjoint union of copies 
of R''. 

Choose a complete transversal T : N ^ M. Now one can define the 
holonomy groupoid Ho1t(M, JF) reduced to T such that the space of objects of 
Holr(M, .F) is A^ and the space of morphisms, the domain and the codomain 
map of Holr(M, ^) are given by the following pull-back: 

Ho1t(M,^)i > Hol(M,^)i 



{dom,cod) 



{dom,cod) 



N xN M X M 

Here Hol(M, T) is the (unreduced) holonomy groupoid (Example ll.2.1l (5')). In 
other words, if y and y' are two points in A^, then the morphisms of Hol'jr'(M, J^) 
from y to y' are the holonomy classes of paths inside the leaves of from T{y) 
to T(y'). In particular, there are no morphisms between y and y' if T{y) and 
T(y') do not lie on the same leaf. In fact, the holonomy class of a path a from 
T{y) to T{y') in a leaf of J- can be viewed as the germ of a diffeomorphism 
between small neighbourhoods of y and y' in A^, which is provided by the 
foliation on a small neighbourhood of cr([0, 1]). Hence we can view HolxiM, T) 
as an open subgroupoid of V(ji[N). In particular, Ho1t(M, .F) is an effective 
C^-groupoid. 

It is obvious that the functor 11o\t{M,J^) Hol(M, ^) is a C^-essential 
equivalence. In particular, \i T' : N' ^ M is another complete transver- 
sal of then the groupoids Ho1t(M, J^) and Ho1t'(M, ^) are C^-Morita 
equivalent. In fact, the C^-map T" = T U T' : A^ U A^' ^ M is also a 
complete transversal, and the inclusions Ho1t(M, ^) ^ Ho1t"(M, ^) and 
Holr/(M, ^) ^ Ho1t"(M, ^) are clearly essential equivalences of class be- 
tween etale groupoids. In particular, the holonomy groupoid Hol(M, ^) is 
C^-Morita equivalent to an effective C^-groupoid. 

(4) Let The a foliation of codimension q on a C^-manifold M of dimension 
n. Choose an atlas if = {ipi : Ui — > R""*^ x R'')jg/ of surjective charts for 
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Put Si = pr20ipi, let N = Uig/R*^, and let T : — > M be the complete 
transversal of T given by T{y,i) = ip~^{0,y). For any i,j G / choose an 
open cover of Ui fl Uj such that for any W S Wij there exists the C^- 
diffeomorphism : Sj{W) — > Si(W) with oSj\w = Silw- (see Section 
O) . We have the C^-transition : Sj(VF) x {j} Si{W) x {i} of N defined 
by 

/^(y,j) = kT(y),^)- 

Let ^^p{M,!F) be the pseudogroup generated by {f^ \i,j S I,W G Wjj }, 
i.e. the smallest subpseudogroup of which includes (fjj^). Observe that 
^'^(M, JF) depends only on the choice of ip. Clearly there is a natural C^- 
isomorphism 

r^^iM,:F)iN) = BolTiM,T) . 

Conversely, let 7^ be a pseudogroup on a -manifold N of dimension q, 
generated by a countable set of C^-transitions Let V be the open 

subset of X R X R given by 

oo 

y = (AT X R X (0, 1)) U [J{dom{fi) x + x (0, 3)) . 

j=i 

There is a natural foliation on V of codimension q given by the first projection. 
Let M be the C^-manifold of dimension q + 2, obtained as the quotient of V 
by identifying {y,t,t') with {fi{y),t,t' - 2) for any i = 1,2, . . . , y e dom{fi), 
t € (i, i + 1) and t' G (2, 3). Observe that the foliation on V induces a foliation 
^ on M of codimension q. For any y N denote by T{y) G M the equivalence 
class of the point (y, 0, 1/2) G V. The C^-map T : N M thus defined is a 
complete transversal of J-. It is easy to check that the effective C^-groupoid 
r-p(A^) is C^-isomorphic to the reduced holonomy groupoid Hol7^(M, JF) of J-. 
The idea for this construction was communicated to us by J. Pradines, who 
attributed it to G. Hector. 

Let H he a. topological groupoid and let £^ be a topological space. A right 
H -action on is a pair (w, z/), where w : E Hq and : E ^jj^ Hi — E 
are continuous maps (we will write e ■ h = u{e,h)) which satisfies 

(i) w{e ■ h) = dom h, 

(ii) e • l^(e) = e, and 

(iii) {e-h)-h' = e- {hoh') 

for any e & E and h, h' G Hi with w{e) = cod h and dom h = cod h' . If we 
have a right iJ-action (w, u) on the space E, we say that H acts on E with 
respect to the map w. If ii" is a C^'-groupoid and M a C-manifold, then a 
right i3"-action (tu, v) on M is of class C" if both w and v are C^'-maps. 



22 



CHAPTER I. BACKGROUND 



A right H -space is a triple {EjWjv), where E is a topological space and 
{w,i') a right i?-action on E. We will often write simply E or {E,w) for a 
right -ff-space {E,w,u). 

The orhit space E/H of a right if-space {E, w, u) is the coequalizer 

Exff Hi =^ E E/H 

In other words, the orbit space is obtained as the quotient of E by identifying 
two points e, e' S if there exists a morphism h of H such that cod h = w{e) 
and e ■ h = e' . The map qe is open since the domain map of H is open. A 
subspace Y C E is called H -invariant if q^^{qE{Y)) = Y. 

A right if-space E is called H-compact (respectively H-Hausdorff, H- 
connected) if the associated orbit space E/H is compact (respectively Haus- 
dorff, connected). An H- connected component of E is the inverse image q^^(Z) 
of a connected component Z of E/H. 

Any topological groupoid H acts canonically on the right on its space 
of objects Ho, and Hq/H = \H\. Conversely, if {E,w,u) is a right H- 
space, there is the associated topological groupoid H{E) with H(E)q = E, 
H{E)i = E Xff^ Hi, dom = v, cod = pri and with the obvious composition. 
If H is etale, H{E) is also etale. If iif is a C^-groupoid, M a C^-manifold 
and {w, u) a right JT-action of class C on M, then H{E) is a C'-groupoid. 
Analogously one can consider left actions. 

Assume that G is a topological groupoid and X is a topological space. A 
G-bundle over X is a topological space E, equipped with a left G-action (p, fi) 
(which we write hy g ■ e = fi{g, e)) and a continuous map w : E ^ X such 
that G acts along the fibers of w, i.e. 

w{g ■ e) = w{e) 

for any g e Gi and e e E with dom g = p{e) . We denote such a G-bundle by 
{E,p,w,fi) or {E,p,w), or simply by E. If G is a C^-groupoid and M a C""- 
manifold, a G-bundle {E,p,w,n) over M is of class C if is a C-manifold, 
w a C-map and {p, fi) a G-action of class C. 

A G-equivariant map between G-bundles {E,p,w) and {E',p',w') over X 
is a map a : E ^ E' satisfying w' o a = w, p' o a = p and 

(x{g-e) = g- a{e) 

for all g G Gi and e € E with domg = p{e). Two G-bundles over X are 
isomorphic if there exists a G-equivariant homeomorphism between them. If 
E' is a G-bundle over X, we will often write the isomorphism class of E again 
hyE. 

A G-bundle {E,p, w, fi) over X is called transitive if the map w is an open 
surjection, and the map 



{li,pr2) : Gi xq^ E — > ExxE 
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is a surjection, i.e. if G acts transitively along the fibers of w. A G-bundle 
{E,p,w,fi) over X is called principal if the map w is an open surjection, 
and the map {fj,,pr2) is a homeomorphism (hence the action of G is free and 
transitive along the fibers of w). If G is an etale groupoid and {E,p,w) a 
principal G-bundle over X, then the map w is a local homeomorphism. If G 
is a C-groupoid and M a C"'-manifold, a G-bundle {E,p, w, fi) over M of class 
C is -principal if it; is a surjective submersion and the map {ii,pr2) is a 
C^-diffeomorphism. If G is an etale C-groupoid and {E, p, w) a C-principal 
G-bundle over M, then the map w is a local C-diffeomorphism. 

Let G be a topological groupoid. Then any G-equivariant map between 
principal G-bundles is a homeomorphism. If G is a C""-groupoid, any G- 
equivariant map of class C" between C-principal G-bundles is a diffeomor- 
phism of class . 

Example 1.2.4 Let X and Y be topological spaces. An action of y on X 
is just a continuous map X ^ Y. If p : X ^ Y is continuous map, then 
{X,p,idx) is a principal y-bundle over X. 

Conversely, let {E,p,w) be a principal y-bundle over X. Then w is a 
homeomorphism. In particular, w is a y-equivariant map between {E,p,w) 
and {X , p o w'^ , idx) ■ We can thus identify the isomorphism classes of princi- 
pal y-bundles over X with the continuous maps from X to Y. 

1.3 Haefliger Structures 

In Section ll.il we defined the notion of a T^i-cocycle of class on an open 
cover of a C^-manifold M. This notion can be easily generalized by replacing 
r^i by an etale groupoid and M by a topological space [TB] . 

Let G be an etale groupoid and X a topological space. Let U = {Ui)i^i 
be an open cover of X. A G-cocycle on is a family of continuous maps 



such that 

(i) Cii{x) E Go C Gi for any x & Ui, 

(ii) dom Cij{x) = Cjj{x), cod Cij{x) = Cii{x) for any x £ UiCiUj, and 

(iii) Cij{x) o Cjk{x) = Cik{x) for any x £ Ui CiUj nUk- 

In particular, this implies that Cij{x) = Cji{x)~^ for x G C/j PI Uj. In a 
G-cocycle on U is referred to as 1-cocycle on U with values in G. Denote by 
Z^iU, G) the set of all G-cocycles on U. 

Two G-cocycles c, c' € Z^{U,G) are cohomologious if there exists a family 
of continuous maps 



c = {cij : Ui n Uj 




b={hr. Ui 




24 



CHAPTER I. BACKGROUND 



which intertwines c and c', i.e. dom obi = (Hi, cod o = c^j and 

Cij{x) o bj{x) = hi{x) o Cij{x) X E Ui n Uj . 

This is an equivalence relation on Z^iU, G), and the set of equivalence classes 
(called the cohomology classes) of G-cocycles on U is denoted by 

H\U,G) . 

Now assume that V = {Vk)keK is another open cover of X, finer than U. 
Hence we can choose a function t : K ^ I such that Vh C for any k E K. 

This function induces a function 

T* : Z\U,G) ^ Z\V,G) 

which is given by restriction, i.e. 

r*(c) = {cr{k)T(i)\VknVi)k,iGK ■ 

This function maps cohomologious cocycles into cohomologious cocycles, hence 
induces a function 

V/U : H\U, G) H\V, G) . 

This function does not depend on the choice of r. Indeed, \i v : K ^ I \s 
another function with C i7t,(fe), and if c G Z^{U, G), then the family 

icv(k)T(k)\Vk '■ ^k — ^ Gi)keK 

obviously intertwines t'^{c) and t;^(c). 

Observe that we have U/U = id and W/Vo V/W = W/W for a refinement 
W of V. The set of all open covers of X is partially ordered, in the sense that 
V < if V is a refinement of U. This order is filtered. Hence we can define 
the filtered colimit 

H\X,G) = lim H\U,G) . 

In other words, the elements of H^{X,G) are the equivalence classes of G- 
cocycles on open covers of X, where two cocycles c G Z^{U,G) and c' G 
Z^(V,G) are equivalent if there exists a common refinement W oi U and V 
such that the restrictions of c and cfonW are cohomologious. The elements 
of H^{X, G) are called the Haefliger G-structures on X. 

Let c be a G-cocycle on an open cover U = {Ui)i^j of X. Wc will define a 
principal G-bundlc {T,(c),p,w) over X associated to the cocycle c. Put 

E(c) = Gi xq^ ]JC/i = { |5 G Gi, z G /, x G Ui, domg = Cii{x)} . 

Now define S(c) to be the quotient space of the space S(c) by identifying 
{g, X, i) with {g o Cij{x),x,j) for all x G UidUj and g G Gi with dom g = Cii{x). 
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This is clearly an equivalence relation on S(c), and one can easily sec that the 
quotient projection S(c) S(c) is a local homeomorphism. We denote by 
[g, X, i] G S(c) the equivalence class of {g, x, i) G S(c). The maps w : E(c) — > X 
and p : S(c) — > Go are given by 

w{[g,x,i])=x and p{[g, x,i\) = cod g . 

The action of G on S(c) with respect to w and along the fibers of p is given 
by the composition in G, i.e. 

g' ■ [9,x,i] = [g'og,x,i] . 

It is easy to check that (S(c),p, w) is indeed a principal G-bundle over X. 
Thus we get a map S which assigns the principal G-bundle S(c) over X to a 
G-cocycle c on an open cover of X. 

Proposition 1.3.1 Let G be an etale groupoid and X a topological space. The 
map S induces a bijective correspondence between the Haefliger G-structures 
on X and the isomorphism classes of principal G-bundles over X. 

Proof. First we have to prove that S(c) depends up to an isomorphism only 
on the Haefliger G-structure represented by c. 

To see this, assume first that c is a G-cocyclc on an open cover U = {Uiju^i 
of X, and V = {Vkjk^K is a refinement of U. Choose t : K ^ I with 
Vk C J7^(fc). Then we define a : E(r#(c)) S(c) by 

a{[g,x,k]) = [g,x,T{k)] . 

This is clearly a well-defined continuous map, and since it is also G-equi variant, 
it is a homeomorphism. 

Next, assume that c, c' G Z^{U,G) are cohomologious. Let 6 be a family 
of maps which intertwines c and c'. Then we define (3 : 5](c') E(c) by 

P{[9,x,i]) = [gohi{x),x,i] . 

Again, this is a G-equivaxiant homeomorphism. This proves that S induces a 
map from H^{X, G) to the set of isomorphism classes of principal G-bundles 
over X. We will denote the induced map again by S. 

To prove that the correspondence is indeed bijective, we will construct 
the inverse for S. Let {E,p,w,n) be a principal G-bundle over X. Since w 
is a local homeomorphism, we can choose an open cover U = {Ui)i^i of X 
and continuous sections ti : Ui ^ E oi w. Since E is principal, the map 
(//,pr2) : Gi xq^ E ^ E Xx E is & homeomorphism, with the inverse of the 
form {9,pr2)- Now we define 



c = {cij -.UiDUj — > Gi)ija 
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by 

Cij{x) = 6{ti{x),tj{x)) . 

It is clear that the family c is a G-cocycle on U, and that this construction 
provides an inverse for S. 



Let G be an etale C^-groupoid and M a C-manifold. Then a G-cocycle 
on an open cover Z// of M is of class C" if all the maps in the cocycle are of 
class C^. A Haefliger G-structure is of class C if it can be represented by a 
cocycle of class C". Observe that the families which intertwine G-cocycles of 
class C' are necessarily of class C. In particular, any cocycle which represents 
a Haefliger G-structure of class C" is itself of class C. If c is a G-cocycle of 
class C"', then S(c) is clearly a C-principal G-bundle over M. 

Corollary 1.3.2 Let G be an etale -groupoid and let M be a -manifold. 
Then the map T, induces a bijective correspondence between the Haefliger G- 
structures of class C" on M and the isomorphism classes of -principal G- 
bundles over M . 

Proof. The proof goes exactly the same as the proof of Proposition II.8.1I 
since all the constructions in that proof have a natural C""-structure. 



Example 1.3.3 (1) Let M be a finite-dimensional (7^-manifold. As we have 
seen in Section ITTl a foliation .F on M can be represented by a -cocycle of 
C^-submersions on an open cover of M. It is not difficult to verify that two 
such cocycles of submersions determine the same foliation precisely if they 
determine the same Haefliger r^^-structure on M. In other words, the folia- 
tions on M are in a natural bijective correspondence with the Haefliger T^i- 
structures of C^-submersions on M, i.e. with those Haefliger F^i -structures on 
M which can be represented by cocycles of C^-submersions. Note that again 
any cocycle which represents a Haefliger -structure of C^-submersions is 
itself a cocycle of C^-submersions. 

We say that a C^-principal G-bundle {E,p, w) over M is submersive if the 
map p is a submersion. One can easily see from the construction that S(c) is 
a submersive G-bundle precisely if c is a G-cocycle of C^-submersions on an 
open cover of M. 

With this, Corollarv II. 3. 21 implies that the foliations on M are in a natu- 
ral bijective correspondence with the isomorphism classes of the C^-principal 
submersive -bundles over M. 

(2) Let M be a C^-manifold of dimension n and T a foliation on M of codi- 
mension q. We can choose a C^-atlas {ipi : Ui — > R"~'^ x R'^)jg7 representing 
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T such that each is surjective. Put N = ]Jjgj and define T : N ^ M 
by 

Clearly T is a complete transversal. Recall that IIoIt{M, J^) is an effective 
C^-groupoid, i.e. it can be viewed as an open subgroupoid of Tqi{N). Let 
Si : Ui ^ N he the submersion given by Si{x) = {pr2{fi{x)),i). For any 
X € n Uj there exists an open neighbourhood W C UiCi Uj of x and a diffeo- 
morphism sJJ : Sj{W) — > Si{W) with Si\w = °Sj\w- Just like in Section iLll 
we obtain now a r(;;i (A^)-cocycle (qj) on (t/j) given by Cjj(x) = germ^^^^^ . 
But observe that Cij{x) in fact belongs to Ho\t{M,!F) C r(7i(A^). In other 
words, we obtain a HoItC-ZW, .F)-cocycle on (f/j), hence the corresponding Hae- 
fliger HoItCM, J^)-structure of C^-submersions on M, or equivalently, the cor- 
responding submersive C^-principal Ho1t(M, j^)-bundle on M. 

Let G be an etale groupoid and let c be a Haefliger G-structure over a 
topological space X. Motivated by Example II.3.3I (1), one can define the 
leaves and the holonomy groups of the leaves of c, and view c as a generalized 
kind of a foliation on the topological space X. 

Let U = {Ui)i^j be an open cover of X and c G Z^{U,G) such that 
c represents c. Then we define the plaques of c in Ui to be the connected 
components of the fibers of cu. Since G is etale, the maps Cij guarantee that 
the plaques globally amalgamate into connected subsets of X, called the leaves 
of c, which forms a partition of X. More precisely, the sets of the form 

c^{a)nu, 

where a £ Gq, i £ I and U is an open subset of X, form a basis for a 
(finer) topology on X, called the leaf topology associated to c. The connected 
components of X equipped with the leaf topology are the leaves of c. It is 
easy to see that the partition of X on leaves depends only on the Haefliger 
G-structure c. 

In A. Haefliger deflned the holonomy group of a leaf of a Haefliger 
G-structure on X. Then he proved the Haefliger- Reeb-Ehresmann stabil- 
ity theorem for such a structure, which says that under some conditions, a 
compact leaf with finite holonomy group of a Haefliger G-structure has an 
arbitrary small neighbourhood of compact leaves. This theorem generalizes 
the Reeb stability theorem II. 1.11 in the sense of Example II. 3. 31 (1). We shall 
discuss this in more detail in Chapters Hll and IlIIl where we will generalize the 
Haefliger-Reeb-Ehresmann stability theorem, as well as the Thurston-Reeb 
stability theorem (Theorem II.1.2|) . to Hilsum-Skandalis maps between topo- 
logical groupoids. As we will show, these maps can be viewed as generalized 
foliations on topological groupoids. 
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1.4 Fundamental Group of a Topological Groupoid 

Definition 1.4.1 Let ii" be a topological groupoid and {E,w) a right H- 
space. An H-path in {E,w) from a point e G -E to a point e' G E consists 

of a sequence (c7"j)"^Q of paths in E and a sequence (/ij)^]^ of elements of Hi 
such that (To(0) = e, hi £ H{w{ai-i{l)),w{ai{0))), o"i(0) - hi = ai-i{l) for any 
i = 1, 2, . . . n, and = e' . We will denote such an i3"-path as 

an ■ hji ■ ■ ■ ■ ■ hi ■ ao . 

An H-loop in {E, w) with a base-point sq E E is an if-path in {E, w) from eo 
to eo- 

Remark. Observe that the if-paths can be concatenated in the obvious way. 
Analogously, one can consider G-paths in a left G-space, for a topological 
groupoid G. 

Proposition 1.4.2 Let H be a topological groupoid and {E, w) a locally path- 
connected right H -space. Then e,e' & E lie in the same H -connected compo- 
nent of E if and only if there exists an H-path from e toe'. 

Proof. Denote by q = qe '■ E ^ E/H the quotient map on the orbit space 
of E. Any i?-path in E from e to e' clearly induces a path in E/H from q{e) 
to q{e'). 

Conversely, assume that e and e' lie in the same -ff -connected component 
of E. Hence q{e) and q{e') lie in the same connected component of E/H. 
Since E is locally path-connected, so is E/H and thus there exists a path 
a : [0, 1] E/H from q{e) to q{e'). Moreover, we can choose an open cover 
{Uj)j^j of E, consisting of the path-connected sets. 

Now {q{Uj))j(zj is an open cover of E/H, and by compactness of cr([0, 1]) 
we can choose a partition = < < • • • < < ^n+i = 1 and jo,ji, ■ . . ,jn ^ 
J such that 

(^{[U,t,+i]) C q{UjJ 

for alH = 0, 1, . . . , n, with e G Uj^ and e' G Uj^. We can find Cj, e'- G Uj. with 
q{ei) = cr{ti) and q{e'j) = a(ti^i), for alH = 0, 1, . . . , n. In particular, we can 
take eo = e and e^ = e'. Since Uj^ is path-connected, there exists a path (jj 
in Uj^ from e.j to e'- (i = 0, 1, . . . ,n), and since q{ei) = q{e'^_i), there exists 
hi G H{w{e'^_'i), w{ei)) with ei ■ hi = e'^_i, for any z = 1, 2, . . . , n. This gives 
an H-path from e to e'. 



Let -ff be a topological groupoid such that Hq is locally path-connected . 
Since Hq is a right i?-space, we can speak about i3"-paths in Hq. Let bQ G Hq. 
An H-loop in iifo with the base-point 6o thus consists of a sequence (iTi)"=o 
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paths in Hq and a sequence {hi)'^^i of elements of Hi with cro(O) = crn(l) = 60 
and hi G if((7j_i(l), (Ti(0)) for alH = 1, 2, . . . , n. We denote this if-loop by 

an ■ hn ■ ■ ■ ■ ■ hi ■ ao . 

Denote by Q,{H, bo) the set of all if-loops in Hq with the base-point 60. 

We will now define an equivalence relation on Q,{H, bo), which we will call 
simply equivalence. It is the smallest equivalence relation such that 

(i) an if-loop 

an ■ hn ■ . ■ ■ ■ hi ■ ao 
is equivalent to the if-loop 

an ■ hn ■ ■ ■■ ■ (/ij+i o hi) ■ ai-i ■ . . . ■ hi ■ ao , 

if (Tj is a constant path for some < i < n, and 

(ii) an if-loop 

an ■ hn ■ . . . ■ hi ■ ao 
is equivalent to the H-loop 

an ■ hn ■ ■ ■ ■ ■ hi+i ■ ((Ti(7j_i) • . . . • /li • (JQ , 

if hi G Ho for some 1 < i < n. 

Here aiai-i denotes the usual concatenation of ai-i and aj. 

A deformation of an H-\oop cr„ • /i„ /ti • o"o to an i?-loop a'n-h'n-. . - -hi-aQ 
consists of homotopies 

A : [0, 1? ^Ho 
from Di{0, - ) = cTj to Di{l, - ) = a[ (i = 0, 1, . . . , n) and paths 

di : [0, 1] Hi 

from hi to h'j^ (i = 1, 2, . . . , n) which satisfy 

(a) dam o di = Dj-i ( - , 1) and cod o di = Di{ - ,0) for alH = 1, 2, . . . , n, and 

(b) Z)o([0,l],0) =Z)„([0,1],1) = {60}. 

Two ii"-loops in Jl(i3", 69) arc homotopic if one can pass from one to an- 
other in a sequence of deformations and equivalences. With the multiplication 
induced by the concatenation, the homotopy classes of iJ-loops in Hq with 
the base-point bo form a group 

7Tl{H,bo) , 

called the fundamental group of the topological groupoid H with the base- 
point 60. 
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Remark. Pr op osition II . 4 . 2l implies that the group tti{H, bo) depends only on 
the iJ-connected component Z of Hq with 60 G Z. In particular, if |-ff | is con- 
nected, the fundamental group of H does not depend (up to an isomorphism) 
on the choice of the base-point, and hence we shall denote its isomorphism 
class by ■ki{H). 

If iif is a locally path-connected topological space X, this group is exactly 
the classical fundamental group of X. Moreover, if ii" is a discrete group then 

TTl{H) = H. 

If is a suitable etale groupoid, tti{H) coincide with the fundamental 
group of the classifying space and of the classifying topos of H (see pSllHTj ). 
If the groupoid H is effective, a similar (but obviously equivalent) definition 
was given in 26 . If in addition Hq is simply-connected (but not necessarily 
connected), it is not difficult to see that 7ri(i3") is exactly the fundamental 
group of H as described by W. T. van Est The construction of the 

fundamental group in is extremely natural: it is the vertex group of the 
discrete groupoid ttq^H). Recall that ttq^H)^ = 7ro(iJo) and that the mor- 
phisms of TToiH) are generated by 'itq{Hi) with respect to the partially defined 
composition induced by 7ro( com) : ttq{Hi xjj^^ Hi) — tto{Hi). 

Let G be another topological groupoid with Go locally path-connected, 
and let (j) : H ^ G he a continuous functor. Denote ao = </>o(&o)- The functor 
(j) gives a function 

(l)#:n{H,bo) ^n{G,ao) 

defined by 

<^#(o-„ ■ hn ■ . . . ■ hi ■ ao) = {(t>ooan) ■ (t>{hn) • • • • • (f>{hi) ■ {4>o°(^o) ■ 

This function maps homotopic -ff -loops to homotopic G-loops, hence it in- 
duces a map 

0* : 7ri(i3",6o) — > vri(G,ao) , 

which is clearly a homomorphism of groups. 

If ii" is a topological groupoid and {E, w) is a locally path-connected right 
-ff-space, we define the fundamental group of {E, w) with a base point cq G 
E to be the fundamental group 7ri(i3"(£^), eo) of the associated topological 
groupoid H{E). If {E',w') is another locally path-connected right -ff-space 
and a : E ^ E' an i3"-equivariant map (i.e. w' oa = w and a{e ■ h) = a{e) ■ h) , 
then a induces a continuous functor 

H{a) : H{E) — > H{E') 

in the obvious way. Hence we get the homomorphism of groups 

a, = H{a), : TTi{H{E),eo) T^i{H{E'),a{eo)) . 

Note that the i3"-loops in H{E)q are precisely the i3"-loops in the right H- 
space E. 
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If a is a covering projection, the unique path hfting property for a clearly 
implies the unique iJ-path lifting property. Moreover, homotopic iJ-paths 
clearly lift to homotopic i3"-paths. In particular, a^, is in this case injective. 

Notation. Let X be a topological space. For x,x' (z X we will denote by 
7Vi{X){x,x') the set of homotopy classes (with fixed end-points) of paths in 
X from X to x' . This defines a groupoid 7ri(X) with 7ri(X)o = X and with 
the composition induced by the concatenation of paths. For example, we have 

7Vi{X){x,x) = ■Ki{X,x). 

Any continuous map f : X ^ Y between topological spaces induces a 
functor 

A = 7ri(/) :7ri(X) ^7ri(y) , 
which is given by the composition of paths with /. 

Let X be a locally path-connected topological space, equipped with a con- 
tinuous right action of a discrete group G. For any (7 G G we denote by g the 
homeomorphism - ■ g : X ^ X. The groupoid G{X) associated to this action 
is etale. 

The following proposition gives a description of the fundamental group of 
G{X) in terms of G and 7Ti(X): 

Proposition 1.4.3 Let X be a locally path- connected topological space, let 
xq & X, and assume that X is equipped with a continuous right action of a 
discrete group G. Then 

7ri(G(X), xo) ^ { (5, I 5 e G, ? e 7ri(X)(xo, xo ■ g)} , 
with the multiplication given by 

In particular, there is a short exact sequence of groups 

1 7ri(X,xo) 7ri(G(X),xo) ^ G ^ 1 . 

Remark. The group tti{G{X),xq) is thus isomorphic to the fundamental 
group of the space X Xq EG, where EG is the universal G-bundle (see for 
example P). 

Proof. Denote T = {{g,c^)\g & G, <^ £ 7ri(X)(xo, xq • g) }■ It is easy to check 
that T is indeed a group. We define a function 

/:0(G(X),xo) 

by 

/(o-„ ■ gn ■ ■ ■ ■ ■ cr2 ■ 92 ■ (Tl ■ gi ■ cro) 

= {9n ■ ■■9291, {91° 92 o ■ • •o5n)*(?n) • • • (^1 °52)*(?2) (ffl )* (?l) -Jo) , 
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where q denotes the homotopy class of cTj. It is easy to see that / identifies 
homotopic G-loops in X, hence induces a function 

/:7ri(G(X),xo) 

which is clearly a surjective homomorphism. 

Next, observe that there is an obvious deformation between the G-loops 

(^n ■ 9n ■ ■ ■ ■ ■ (^i ■ 9i ■ ■ ■■■■ 91- (^0 

and 

an- gn - ■■■■ ro(crj(l)) • gi ■ {gi o cTj) (jj-i ■ . . . ■ gi ■ ao , 

where ro(o"j(l)) denotes the constant path with the image point (Tj(l). This 
implies that the G-loops 

(Tn ■ 9n ■ ■ ■ ■ ■ (^2 ■ 92 ■ (^1 ■ 91 ■ (^0 

and 

-l^ixo) ■ {9n--- 929l) ■ {9l°g2° ■ ■ ■°9n°CFn) ■ ■ ■{gi°g2° (^2) {{jl o CTi) (Jo 

are homotopic, where ^{xq) denotes the constant path with the image point 
xq. In particular, if /(dn ■ ■ • • • ■ '^2 ' 52 ■ ci • 5i ■ (^o) is the unit in T, 
then Qn . ..9291 = 1 and (^i 0^2 o . . . o (T„) . . . {gi 052 ° 0-2) {gi°cri)(^o is ho- 
motopic to the constant loop in X. In other words, the homomorphism / is 
injective, hence an isomorphism. 



Chapter II 

Hilsum-Skandalis Maps 



In Section lOl we saw that the Haefliger G-structures on a space X correspond 
exactly to the isomorphism classes of principal G-bundles over X, for any etale 
groupoid G and topological space X. In particular, if G is just a topological 
space y, the Haefliger y-structures over X are precisely the continuous maps 
from XioY. In this Chapter we show, among other things, that in fact any 
Haefliger G-structure can be viewed as a map from X to G. 

In 1987 M. Hilsum and G. Skandalis introduced the notion of a C^- 
map between the holonomy groupoids Hol(M, J^) and Hol(M',jF') associated 
to foliations J- and !F' on finite-dimensional C^-manifolds. By replacing the 
holonomy groupoids with arbitrary topological groupoids, one gets the notion 
of a Hilsum-Skandalis map between topological groupoids ^1^11301. Such 
a map between topological groupoids H and G is an isomorphism class of 
principal G--ff-bibundles. The Hilsum-Skandalis maps arose independently in 
topos theory j5| l25]. 

The Hilsum-Skandalis maps form a category Qpd, with the topological 
groupoids as objects. We will construct a functor from the category Gpd of 
continuous functors between topological groupoids to the category Qpd, which 
is the identity on objects and sends essential equivalences to isomorphisms. 

If G is an etale groupoid and X a topological space, the principal G- 
X-bibundles are exactly the principal G-bundles over X. In particular, a 
Haefliger G-structure on X is a Hilsum-Skandalis map from X to G. We will 
show that just as a Haefliger G-structure on X can be seen as a generalized fo- 
liation on X, a Hilsum-Skandalis map H ^ G between topological groupoids 
can be seen as a generalized foliation on the topological groupoid H. 
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II. 1 Bibundles 

Definition II. 1.1 Let G and H be topological groupoids. A G-H-bibundle 
is a topological space E, equipped with a left G-action (p, /x) and with a right 
H -action {Wji') such that the two actions commute with each other, i.e. 

(i) w{g ■ e) = w{e), 

(a) p{e ■ h) = p{e) and 

(Hi) {g ■ e) ■h = g ■ {e-h), 

for any g € Gi, e ^ E , h ^ Hi with dom g = p{e) and w{e) = cod h. 

Remark. We will denote such a G-iJ-bibundle by {E,p, w, /x, or {E,p, w), 
or simply by E. A special kind of G-i?-bibundles was introduced in for 
the case where G and H are the holonomy groupoids of foliations. In |24j . 
G-iJ-bibundles are referred to as G--ff-bispaces. 

Let G and H be topological groupoids and let {E^p^w, fi,!^) be a G- 
i?-bibundle. Observe that, in particular, (E,p,w,fi) is a G-bundle over Hq, 
called the underlying G-bundle of the G-iJ-bibundle E. We call {E, p, w, n, v) 
left transitive (or simply transitive) if the underlying G-bundle {E,p,w,iJ,) is 
transitive. We say that {E,p,w, fi,!^) is left principal (or simply principal) if 
the underlying G-bundle {E,p,w,^) is principal. 

Let ip : G ^ G' and (j) : H ^ H' be continuous functors between topolog- 
ical groupoids, {E,p,w) a G--H"-bibundle and {E',p',w') a G'--H"'-bibundle. 
A continuous map a : E ^ E' is called ijj-(j)-equivariant if ipQop = p'oa, 
(po o w = w' o a and 

a{g ■e-h) = ipig) ■ a{e) ■ (l){h) , 

for all 5 G Gi, e € /i G Hi with dom g = p{e), w{e) = codh. 

If E and E' are two G-iJ-bibundles, a continuous map a : E ^ E' is 
called G-H-equivariant (or simply equivariant) if it is id^-idj^-equivariant. 
Two G-iJ-bibundles are called isomorphic if there exists an equivariant home- 
omorphism between them. We will often denote the isomorphism class of a 
G-iJ-bibundle E again by E. Any equivariant map between principal G- 
-ff-bibundles is a homeomorphism. An isomorphism class of principal G-H- 
bibundles is called a Hilsum-Skandalis map from H to G. 

If G and H are C"^ -groupoids, a G-iJ-bibundle of class is a G-H- 
bibundle E such that E is a C-manifold and both actions are of class C^. 
Such a bundle is C-principal if the underlying G-bundle over Hq is C^- 
principal. Two G-iJ-bibundles of class C"* are isomorphic if there exists an 
equivariant C-diffeomorphism between them. A Hilsum-Skandalis -map 
from ii" to G is an isomorphism class of C-principal G-i?-bibundles. 
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Example II. 1.2 If G is a topological groupoid and X a topological space, 
the (principal) G-X-bibundles are exactly the (principal) G-bundles over X. 
In particular, if G is etale, the Haefliger G-structures on X are in a natural 
bijective correspondence with the Hilsum-Skandalis maps from X to G (Propo- 
sition ^3^. If X and Y are topological spaces, then the Hilsum-Skandalis 
maps from X to Y are precisely the continuous maps from X to y (Example 
11. 2.41) . If M and N are C-manifolds, the Hilsum-Skandalis maps of class C" 
from M to X are precisely the C-maps from M to N. 

Let G and H be topological groupoids and {E, p, w) a G-i3"-bibundle. 
Denote hy qe '■ E ^ E/H the quotient projection on the space of orbits E/H 
for the action of H on E. Then w induces a map 

w/H : E/H — > \H\ , 

and p factors through qe as 

p = p/HoqE . 

Since the left action of G commutes with the action oi H, it induces a left 
action of G on E/H with respect to p/H and along the fibers of w/H. 
Therefore {E/H, p/H, w/H) is a G-bundle over \H\, called the associated 
G-bundle to the G-i3"-bibundle {E,p,w). The map qe is id^^-r-equivariant, 
where x . H ^ \H\ is the canonical continuous functor. If {E,p,w) is transi- 
tive, then {E/ H ,p/H ,w/H) is also transitive. However, if {E,p,w) is prin- 
cipal, the bundle {E/H ,p/ H ,w/H) may not be principal. 

Let {E,p,w, fiji') be a G-i3"-bibundle and let {E' ,p' ,w' , fi' ,u') be an H- 
1^-bibundle. Then we can define a G-JC-bibundle 

{E ^E',p(E) p, w (E>w',iJ,0 (g) v') , 

called the tensor product of E and E' , as follows: Define a right i/-action on 
the space 

Exfj^^E' = { (e, e') | w{e) = p'{e') } C E x E' 
with respect to the map wopri = p' opr2 by 

{e,e')-h = {e-h,h~^ -e') , 

for any e £ E, e' & E' , h € Hi with w{e) = p'{e') = cod h. Now we take 

E®E' = {E xjj^ E')/H . 

We denote hy e e' & E iSi E' the equivalence class of (e, e') € E 'XjJq ^' ■ '^^^ 
maps p® p' and w ®w' are given by 



{p®p){e®e') =p{e) 
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and 

{w (8) w'){e (8* e) = w'{e) . 
The left action of G is given by 

5 ■ (e (8> e') = 5 • e (8) e' , 

and the right action of K is given by 

(e (g) e') ■ /i = e (g) e' • /i . 

It is obvious that {E E' p', w w') is indeed a G-Jfif-bibundle. But we 
claim: 

Proposition II.1.3 Let E he a G-H-hihundle and E' a H -K -bibundle. If E 
and E' are principal (respectively transitive), then the G-K -bibundle E ® E' 
is also principal (respectively transitive). 

Proof. Let E = {E,p,w,ii,u) and E' = {E' ,p' ,w' , fi' ,u'). Denote by 
q : E E' ^ E <^ E' the open quotient projection. Since w is an open 
surjection, the projection pr2 ■ E >^ff^^ E' E' is an open surjection. Since q 
is open and w w' is the factorization of w' o pr2 though q, this implies that 
w i^w' is an open surjection. 

Assume that the bibundles E and E' are principal (in the transitive case 
the proof is analogous). The map ()U,pr2) : Gi x^j^ E ^ E Xjj^^ E is a 
homeomorphism, with the inverse of the form (9, pr2)- Also, the map (//', pr^) : 
Hi Xjfg E' — > E' Xj^^ E' is a homeomorphism, with the inverse of the form 
{6',pr2). We have to prove that the map 

(ij (g) ^',pr2) : Gi Xq^ E®E' — > E ® E' Xj^^ E ® E' 

is a homeomorphism. But we can define the inverse k of (/x fJi' ,pr2) by 

K{e (8) e', ei (g) e'^) = {9{e ■ e'{e', e[), ei), ei (g) e[) . 

It is easy to verify that this is indeed a well-defined inverse. 



Definition II. 1.4 The category Qpd of Hilsum-Skandalis maps is given by: 
(i) the objects of Qpd are the topological groupoids, 

(a) the morphisms in Qpd{H, G) are the Hilsum-Skandalis maps from H to 
G, and 

(Hi) the composition in Qpd is induced by the tensor product of principal 
bibundles. 
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Remark. Let us emphasize again that in notation we will not make any 
distinction between the principal bibundles and their isomorphism classes, 
i.e. the associated Hilsum-Skandalis maps. In particular, we will denote the 
composition in Qpd induced by the tensor product (8) of bibundles again by (8>. 

It is easy to verify that Qpd is indeed a category. For example, the tensor 
product of bibundles is associative up to a canonical isomorphism, and the 
identity in Qpd is (the isomorphism class of) the principal G-G-bibundle 

{Gi, cod, dom) 

with the obvious actions given by the composition in G. 

We will denote by Qpd^ the full subcategory of Qpd with objects all etale 
groupoids. The category Top of topological spaces is a full subcategory of 
Qpd^ fExample llLOl) . 

There is a close relation between the category Qpd and the category of 
Grothendieck toposes and geometric morphisms between them j24j . 

Let (/) : — > G be a continuous functor between topological groupoids. 
We define 

(</.) = Gi XQ^^ Ho = { {g, h) I domg = M^) } C Gi x Hq . 
There are natural actions of G and H on {(p) such that 

{{(p), codopr^,pr2) 

is a principal G-i?-bibundle. Indeed, we have a left G-action /_i on {(j)) with 
respect to cod o pri given by 

g' ■ {g,b) = {g og,b) 

and a right i3"-action on {(p) with respect to given by 

(g, h) ■ h = {g ■ (j){h), dam h) . 

With this, {(j)) is clearly a G-iJ-bibundle. Observe that pr2 is an open surjec- 
tion since the domain map of G is an open surjection. Moreover, the map 

{fi,pr2) : Gi xq^_^ {(j)) — > {(j)) x^^ (</.) 

has a continuous inverse k given by K{{gi,b), {g,b)) = {gi o g^^ , (g , b)) . Thus 
{4>) is indeed a principal G--H"-bibundle. 

If ip : K ^ H is another continuous functor between open groupoids, 
there is a continuous G-i^-equivariant map 



a : (^oV^) — > {(j)) (g) {ip) 
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given by a{g,c) = {g,'ipo{c)) (8) , c). As any cquivariant map between 

principal bibundles, the map a is a homcomorphism. Furthermore, there is 
an isomorphism {idQ) = (Gi, cod, dom). This proves that 

(-) : Gpd — > gpd 

is a functor. On objects, the functor (-) is the identity. 

Proposition II. 1.5 Let {E,p,w) be a principal G-H-bihundle. Then E = 
{(f)) for some continuous functor (p : H ^ G if and only if the map w has a 
continuous section. 

Proof. If s is a continuous section of w, i.e. a right inverse of w, then define 
(f) with (j)Q = pos such that 

(f){h) ■ s{dom h) = s{cod h) ■ h . 

Since E is principal, this equation defines uniquely. 



Proposition II. 1.6 Let (j) : H ^ G he a continuous functor between topo- 
logical groupoids. Then {(/)) is an isomorphism in Qpd if and only if (p is an 
essential equivalence. 

Proof, (a) First assume that (p is an essential equivalence. Write the structure 
maps of the associated principal bundle of (j) by {{(t)),p,w, ix,v). The left G- 
action (p, |Lt) induces the corresponding right G-action (p, Ji) on (0) by 

M(e,5) = Kg~^,e) • 

Similarly, the right i3"-action (w, v) induces the corresponding left ii"-action 
{w,i/) on {(j)). Clearly, {{(f)),w,p,v,fl) is a i3"-G-bibundle. We will show that 
this bundle is principal and provides the inverse for {{(/)), p, w, /i,!^) in Qpd. 

Since <f) is an essential equivalence, the map p is an open surjection and 
((/>, dom, cod) : Hi —i- Gi X((5(,xGo) ^'^^ ^ '^'^^ ^ homcomorphism. Denote 
by 1? the inverse of (0, dom, cod). To prove that {{(l)),w,p, v, p) is principal we 
still have to prove that the map 

{p,pr2) HiXfj^ (0) {(t>) XGo ('^) 

is a homeomorphism. In fact, we can define the inverse k of {p,pr2) explicitly 
(by using (0) = GiXq^ Ho) by 



K{{g',b'),{g,b)) = {d{g'-\g,{b,h')),{g,b)) 
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Hence the bibundle {{(p),w,p,i', fl) is principal, and it is straightforward to 
check that it provides the inverse for {{(j)),p,w, ^,1/) in Qpd. 

(b) Assume that (</>) is an isomorphism in Qpd. Hence there exists a 
principal iJ-G-bibundle {E,p, w) and equivariant homeomorphisms a : Hi —>■ 
E (g) (0) and (3 : {<j)) ® E d. 

First observe that E ^ {(p) = E Xq^.^ Hq. By composing the homeomor- 
phism a with the first projection one gets a continuous map 

S:Hi — >E 

which satisfies S{ho h') = h ■ S{h') = 6(h) ■ <p{h'). We now define a continuous 
map u : {(f)) ^ E (recall that {(f)) = Gi Xq^ Hq) by 

u{g,b) = 5ih) ■ g-K 

Clearly we have u{g' ■ {g, h) ■ h) = h"^ ■ u{g, b) ■ g'"^ . 
Next we define a continuous map u : £^ ^ (0) by 

«(e) = (/3((l^(p(e)),p(e)) (»e)"\p(e)) . 

Since /3 is equivariant, we have v{h ■ e ■ g) = g~^ ■ v{e) ■ h~^. 

Now uov is an equivariant map of the principal bibundle E into itself, 
hence a homeomorphism. Similarly, vou is a homeomorphism. Therefore 
both u and v are homeomorphisms. Since w is an open surjection and wou = 
codopri, this implies that codopri : Gi x^^^ Hq Gq is an open surjection. 
Finally, the composition of the homeomorphisms inv . Hi ^ Hi, a . Hi ^ 
E xq^ Hq and 

u-^ X idjj^ : E Xq^ Ho {Gi Xq^ Hq) Xq^ Hq 
is exactly of the form (0, dom, cod). Thus (f) is indeed an essential equivalence. 



Corollary II. 1.7 Two topological groupoids are Merita equivalent if and only 
if they are isomorphic in the category Qpd. 

Proof. One direction is clear. For the other, assume that (E, p, w) is a 
principal G-iJ-bibundlc which is an isomorphism in Qpd. Let K = G x H, 
i.e. the product of G and H given by Kq = Gq x Hq and Ki = Gi x Hi 
and with the obvious structure maps. This groupoid acts on E with respect 
to (p, w) from the right by 
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Let K{E) be the topological groupoid associated to this action on E. Observe 
that there is a continuous functor 

(t> ■■ K{E) H , 

given hy 4>o = w and (j)i{e, (g, h)) = h, which is clearly an essential equivalence. 
Moreover, there is a continuous functor 

: K{E) — > G 

given hy tpo = p and ipi{e, (g, h)) = g. It is easy to check that 

E®{(p) = ii;) . 

Now Proposition III.1.6I implies first that {^p) is an isomorphism, and second 
that ip is an essential equivalence. 



Notation. Let {E,p, w) be a G-iJ-bibundle. If (/) : H' — s- ii" is a continuous 
functor between topological groupoids, we denote the structure maps of the 
tensor product (f)* E = E ® {(f)) as 

{rE,<i)*p,(trw) . 

Observe that they fit into the pull-back 

(j)*E ^ E ^ Go 

<j>*w w 

H'q Hq 

with (j)*p = po(j)^. The map (j)^, which is given by 4>^{e (E> {h,b')) = e ■ h, is 
i(iQ-(/)-equivariant . 

Let ip : G ^ G' he a continuous functor. We will write the structure maps 
of <^E as 

Note that (ip) >^q^^ E = G'l Xq' E, so we will denote an element {g',p{e)) <8>e 
of {ip) (gi E simply hy g' (gi e. 

Observe that the map ifjE '■ E (if)) (g) E, given by 

i'Eie) = lVo(p{e)) ®^ ' 

is V'-^c^/f-equivariant. 
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Remark. Let G, H and K be etale C^-groupoids, let E he a C-principal 
G-iJ-bibundle, and let E' be a C""-principal ii"-i^-bibundle. The quotient 
map 

q : E Xfj^^ E' — > E ® E' 

is a local homeomorphism, and since this is a quotient for an action of class 
C^, there is a natural structure of a C"-manifold oxi E®E' such that the map 
g is a C'-diffeomorphism. With this, E®E' is clearly a G-JC-bibundle of class 
C. The same argument as in the proof of Proposition III. 1 .31 now implies that 
E ® E' is in fact a C-principal G-.K'-bibundle. Therefore a composition of 
Hilsum-Skandalis C""-maps is a Hilsum-Skandalis C^-map. 

Thus we can define the category Qpdl^ of etale C-groupoids and Hilsum- 
Skandalis C"~-maps between them, with the composition given by the tensor 
product. 

If (/> : ii" — > G is a C"'-functor, then {(j)) is clearly a C-principal G-H- 
bibundle. Thus we have a functor 

(-):Gp<^g^<. 

The same arguments as in the proof of Proposition III.1.6I and Corollary III.1.7I 
now show that ((/>) is an isomorphism in Opd^. if and only if is a C^-essential 
equivalence, and that G and H are C""-Morita equivalent if and only if they 
are isomorphic in Qpd^- The category of C^-manifolds and C-maps between 
them is a full subcategory of Qpd^. 

Example II. 1.8 (1) Let X be a topological space and G an etale groupoid. 
Proposition IL3.1] gives a natural bijective correspondence 

H\X,G) ^ Gpd{X,G) . 

If / : X' — > X is a continuous function, one gets a map 

/* : H\X,G) — > H\X',G) 

by composition with / in Qpd. If c G H^{X,G) is represented by (cjj) € 
Z^{U, G) for some open cover U of X, then the G-cocycle 

(cii°/|/-i{(7,)n/-i{(7,)) 

represents /*(c). Further, if ip : G ^ G' is a continuous functor, there is a 
map 

iP, : H\X,G) ^ H\X,G') 

given by the composition with (ip) is Qpd. The Haefliger G'-structure V*!*^) 
is now represented by (ipoCij). 
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(2) Let M be a C^-manifold of dimension n and a foliation on M of codi- 
mension q. Let w) be the C^-principal F^i -bundle over M associated 
to J" (Example 031(1)). This bundle gives a Hilsum-Skandalis C -map 

^{J") € gpdl{M,Tl,,) . 

Now let M' be another C"^-manifold of dimension n' and / : M' — > M a 
C^-map. The C^-principal F^i-bundle 

(rs(^),rp,r«;) 

over M' does not represent a classical foliation on A^, since the map f*p may 
not be a submersion. We say that f*T,{J^) represents a foliation with modular 
singularities if f*p has locally path-connected fibers. It is easy to see that 
this is the case if and only if for any foliation chart <^ : C/ — > for the 
inverse images along / of the plaques oi J- in U are locally path-connected. 
The Haefliger-Reeb-Ehresmann stability theorem for Haefliger structures gives 
a generalization of the Reeb stability theorem to the foliations with modular 
singularities (see Chapter IIII|) . 

(3) Let M be a C^-manifold of dimension n, a. foliation on M of codi- 
mension q, and let 

u: M xG — > M 

be a C^-action of a discrete group G on M which preserves J-. More precisely, 
for any g G G, the C^-diffeomorphism g = v{ - , g) : M ^ M maps leaves 
into leaves. We will refer to such a foliation T as G-equi variant, or simply 
equi variant. 

Let {(fi : Ui — > R"'"'' x R'')jg/ be the maximal atlas for J^. If i E / and 
g G G, then 

^iog~\,.g : C/i • 5 ^ R"-^ X R? 

is also a chart for and hence equal to the chart ipi.g for a uniquely determined 
i-gel. 

Now take Si = pr2 o ipi, and let c = (qj) be the corresponding F^i-cocycle 
on {Ui), as described in Section IlTI Let (S(c),p, ?i>) be the C^-principal T^^- 
bundle over M associated to this cocycle. Recall that an element of S(c) is of 
the form [7, i], where 7 G F^i , i & I and x G Ui with doni 7 = Si{x). 

The group G acts on E(c) by 

[7, x,i] ■ g = ['y,x ■ g,i ■ g] . 

This action clearly induces an action of the etale groupoid G{M) on S(c), and 
S(c) becomes a C^-principal F^i-G(M)-bibundle. Thus we obtain a Hilsum- 
Skandalis C^-map 

n^,u)eQp4{G{M),r''^,) . 

(4) Let M be a C^-manifold of dimension n, and let r,s,t be natural 
numbers such that r + s + t = n. A nested foliation on M of type (r, s, t) is a 
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(maximal) atlas {(pi : Ui R")jg/ on M such that the change of coordinates 
diffeomorphisms ipij = (pi.oipj \^-(UinUj) locally of the form 

ipij{x, y, z) = ((^J]^ {x, y, z), ipf^ (y, z), ipf^ (z)) 

with respect to the decomposition R" = R*" x R'' x R*. In particular, a nested 
foliation determines two foliations J-\ and T2 on M, the first of codimension 
t and the second of codimension s + Moreover, T2 restricts on each leaf of 
T\ to a foliation of codimension s. 

We can assume without loss of generality that each is surjective. Put 
A^i = Uie/ and N2 = W^^i R'+*, and define Tx'.Nx^M and : iVa ^ 
M by ri(z,i) = (/p,"^(0,0, z) and T2{{y,z),i) = V3,~^(0, y, z). Clearly Ti is a 
complete transversal for J^i, and T2 is a complete transversal for J^2- 

We have the canonical projection ipQ : N2 — > A^i. It is easy to check that 
with ipQ one can project each germ of a diffeomorphism in IIolT2(Af, ^2) to a 
germ of a diffeomorphism in Hol^i (M, ^1), obtaining a C^-functor 

: Ho1t2(M,^2) Ho1ti(M,^i) , 

which is a submersion. Hence we get a Hilsum-Skandalis C^-map 

W e 6^d^(HolT2(M,.F2),HolTi(M,.Fi)) . 

Moreover, if Ei is the C^-principal Hol^i (M, .Fi)-bundle over M associated 
to J-i and E2 the C^-principal Hol^j (M, JF2) -bundle over M associated to J-2, 
(Example OH (2)), then 

(ip) ®E2 = Ei. 

(5) The category Grp of (discrete) groups is a full subcategory of Gpdg. 
If G and H are groups and f,f':H^G homomorphisms, then (/) = (/') if 
and only if / and /' differ by the conjugation by an element of G. 

II. 2 Leaves and Holonomy of Transitive Bibundles 

Let G and H be topological groupoids and let {E,p,w) be a transitive G-H- 
bibundle. Let a G Gq. The fiber of E over a is the space Ea = p~^{a) C E, 
i.e. the fiber of the map p over a. The fiber Ea is clearly iJ-invariant and also 
G(a, a)-invariant. So the right action of H restricts to Ea^ and we have the 
quotient projection 

QEa '■ -^a > Ea/H 

on the orbit space Ea/H. 

Let L be an iJ-connected component of E'q, i.e. the inverse image q^{Z) 
of a connected component Z of Ea/H. Again, L is iif -invariant, and also 
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w{L) is an iJ-invariant subspacc of Hq. Let Ti^L) be the subgroup of those 
elements of G{a,a) which leave L invariant, i.e. 

n{L) = {g\g-LcL}c G{a,a) . 

The group ^{L) is called the holonomy group of the iJ-connected component 
L of the fiber of E over a. Since the action of G{a, a) on E^ induces an action 
on Ea/H, it follows that an element g G G{a,a) belongs to H{L) if and only 
if 5 • e € L for some element e G L. Since E is transitive, this implies that 
'H{L) acts on L transitively along the fibers of 

w\i : L — ^ "i^iL) C Hq . 

Therefore factors through the quotient projection L — > L/TC{L) as a con- 
tinuous bijection 

i{L) : L/n{L) — ^ w{L) C Hq . 

In particular, i{L) induces a new topology on w(L), called the leaf topology, 
which is finer that the one inherited from the space Hq. 

The action of H on L induces an action on L/'H{L) and i{L) is equivariant 
under this action. The set w{L) with the leaf topology and with the inherited 
action of H from Hq is thus an if -connected right if-space, isomorphic to 

L/niL). 

Definition II. 2.1 Let G and H be topological groupoids and let {E,p,w) 
be a transitive G-H -bibundle. A leaf L of E associated to an H -connected 
component L of a fiber of E is the right H -space w{L) with the corresponding 
leaf topology and with the inherited action of H from Hq. A leaf L is embedded 
if the leaf topology of L coincide with the topology inherited from the space Hq . 

Lemma II. 2. 2 Let G and H be topological groupoids and let {E,p,w) be a 
transitive G-H -bibundle. Let L be an H-connected component of a fiber Ea 
and L' an H-connected component of a fiber E^i , such that w{L) n w{L') ^ 
0. Then there exists an element g G G{a,a') such that g ■ L = L' and 
g oTii^L) o g~^ = 7i{L'). In particular, w{L) = w{L') and the leaf topologies of 
w{L) and w{L') coincide. 

Proof. Let b G w{L) n w{L'), and choose e G L and e' G L' such that 
w{e) = w{e') = b. Since E is transitive, there exists an element g G G{a, a') 
with g ■ e = e'. Since the action of g maps Ea into Ea' and the i3"-connectcd 
components of £'„ into the ii"-connected components of Ea', it follows that 
g ■ L C L'. Symmetrically, L D g~^ ■ L' , and hence g ■ L = L' . 
Let g\ G 'H{L), i.e. gi ■ L C L. It follows that 

{gogi °9~^) ■ L' = {gogi og~^) ■ {g ■ L) = {gogi) ■ L C g ■ L = L' , 
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so g oH{L) o C H{L'). Again by symmetry we get 7^(L) D g^^ oH{L') o g, 
and hence g oTL{L) o g~^ = Ti^L'). Thus the i3"-equivariant homeomorphism 
{g ■ - ) : L ^ L' induces an i3"-equivariant homeomorphism 

a : L/n{L) — > L' /H{L') 

satisfying i{L) = i{L') o a. 

m 

Remark. Lemma 111.2.21 and surjectivity of w imply that for a given b S Hq 
there exists a unique leaf L oi E such that b £ L, with a unique leaf topology. 
The leaves of E thus determine a partition of Hq into iJ"- invariant subsets. 
A leaf L oi E may be associated to different -ff-connected components of 
different fibers, but the holonomy groups of these -ff-connected components 
are isomorphic. This partition clearly depends only on the isomorphism class 
of a transitive G-iJ-bibundle. 

In this way, a transitive G--H"-bibundle can be seen as a generalized kind 
of foliation on the topological groupoid H. 

Definition II. 2. 3 Let G and H be topological groupoids, and let {E,p,w) be 
a transitive G-H-bibundle. The holonomy group ^{{L) of a leaf L of E is (up 
to a conjugation) the holonomy group Ti-iL) of an H -connected component L 
of a fiber of E such that L is associated to L. 

Example II. 2.4 (1) Let p : X ^ Y he a continuous map between topological 
spaces. Viewing p as a principal y-X-bibundle, the leaves of p are the con- 
nected components of the fibers of p, and they are all embedded, with trivial 
holonomy groups. 

(2) Let G be an etale groupoid and X a topological space. Let c be a Hae- 
fliger G-structure on X, and let {E,p,w) be the corresponding (isomorphism 
class of a) principal G-bundle over X. Note that, according to our definition, 
the fibers of E (which is a G-X-bibundle) are the fibers of p and not the fibers 
of w. Now the definition of leaves and holonomy of E above exactly matches 
the definition of leaves and holonomy of the G-structure c in • In particu- 
lar, in the special case of a foliation on a finite-dimensional C^-manifold M 
(Example ll.3.3|) this definition gives the classical leaves and holonomy of J-. 

Proposition II. 2. 5 Let G and H be topological groupoids and {E,p,w) a 
transitive G-H-bibundle. If L is a leaf of E, then L/H is a leaf of the asso- 
ciated G-bundle E/H over \H\, and H{L) ^ n{L/H). 

Proof. Directly by definition, qe ■ E ^ E/H maps the fibers of E into the 
fibers oi E/H and the iJ-connected components of the fibers of E into the 
connected components of the fibers of E/H. Since qe is also G-equi variant, 
the holonomy groups are preserved as well. 
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Proposition II. 2. 6 Let : G —> G' and : H ^ H' he continuous func- 
tors between topological groupoids. Let {E,p,w) be a transitive G-H -bibundle, 
{E',p',w') a transitive G' -H' -bibundle, and a : E ^ E' a continuous ip-cp- 
equivariant map. If L is an H -connected component of a fiber of E, then a{L) 
lies in an H' -connected component L' of a fiber of E' , and 

In particular, if L is a leaf of E, then (f>o{L) lies in a leaf L' of E' and (f)o\L '■ 
L ^ L' is continuous with respect to the leaf topologies. 

Proof. Let a G Gq. Since V'o°P = p' oa, we have a{Ea) C E'^^^^y Since a 
is equivaxiant, it induces a map Ea/H E'^^^^^/H' and hence maps an H- 
connected component L of Ea into an iJ'-connected component L' of E'^^^^y 
Now if 5 € 'H{L), we have g ■ L C L and thus 

ip{g) • a(L) = a{g ■ L) C a{L) . 

This imphcs that ^(5) • L' C L', and therefore il){H{L)) C H(-L'). Thus a 
induces a continuous equivariant map 

a : L/n{L) — > 1' jUill) , 

which clearly satisfies i{L') o a = 00 o i{L). 



II. 3 Holonomy of Principal Bibundles 

Let G be an etale groupoid and H a topological groupoid, and assume that 
E is a principal G-iJ-bibundle with locally path-connected fibers Ea, a Gq. 
In this section we demonstrate that in this case the holonomy group of a leaf 
L of i? is the image of a homomorphism from the fundamental group of the 
groupoid H{L). The analogy with foliations on manifolds is hence complete. 

Proposition II.3.1 Let G be an etale groupoid, H a topological groupoid 
and {E,p,w) a principal G-H -bibundle. If L is an H -connected component 
of a fiber of E, then the holonomy group 'H{L) is discrete, and acts properly 

dis continuously on L. 

Proof. Let a € Gq such that L C Ea- Since G is etale, G{a,a) is discrete 
and hence so is 'H{L). Take any e G L. Since E is principal, the map w is a 
local homeomorphism. Therefore we can find an open neighbourhood 1^ of e 
in E such that w\v is injcctivc. Put U = V D L. Let g € 'H{L) and e' € U 
such that g ■ e' . Now w{g ■ e') = w{e'), and by injectivity w on V D U 
it follows that g ■ e' = e' . But the action of G is free, therefore g = la- Thus 
5 • C/ n [/ = for any 5 e 7^(L) \ {!„}. 
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Let G be an ctale groupoid, H a topological groupoid and {E,p,w) a 
principal G--ff-bibundle with locally path-connected fibers. Let e E. Now 
e lies in a unique i?-connected component L of the fiber Ep^g^ of E. Let L be 
the associated leaf of L, i.e. the unique leaf of E with w{e) G L. 

Since HiL) acts properly discontinuously on L, the JT-equivariant map 

C : L ^ L/W(Z) ^ L 

is a covering projection. In particular, L is locally path-connected. By the 
unique iJ-path lifting property for we obtain a surjective homomorphism 

He : 7ri(JT(L),i/;(e)) n{L) C G(p(e),^>(e)) , 

called the holonomy homomorphism of the leaf L with respect to the base 
point e. If ^ = (T„ ■ /i„ ■ . . . • /ti ■ (To is an JT-loop in L with the base-point w{e) 
and 

a„ • /i„ • . . . • /ii • cTo 

is the unique lift of ^ in L such that ao(0) = e, then Ti.e{[^]) is the unique 
element of H{L) such that 

Hemr^ ■ e = anil) . 

Here [i] denotes the homotopy class of L 

If e' is another point in E with w{e') = ti'(e), the homomorphisms He and 
We' differ by the conjugation by the uniquely determined g € Gi such that 
g ■ e = e'. If e" is a point in E such that u;(e") G L, the homomorphisms 
He and Tie" are again isomorphic, but now the isomorphism depends on the 
choice of an i3"-path in L from w{e) to w{e"). In other words, each leaf L of 
E determines (up to an isomorphism) the holonomy homomorphism Hl of L, 

Hl ■ MH{L)) G . 

Theorem II.3.2 Let ip : G ^ G' be a continuous functor between etale 

groupoids, and let (f) : H ^ H' be a continuous functor between topological 
groupoids. Let {E,p,w) be a principal G-H-bibundle, {E',p',w') a principal 
G' -H' -bibundle and a : E E' a continuous ili-cp-equivariant map. Assume 
that both {E,p,w) and {E',p',w') have locally path- connected fibers. Lete G E, 
let L be the leaf of {E,p,w) withw{e) G L and let L' the leaf of (E' ,p' ,w') with 
w'{a{e)) G L' . Then (p restricts to a continuous functor (P\l ■ H{L) — >■ H'{L') 
and 

l/jo'He= 'Ha(e) ■ 

Hence iI^oHl = Hi' 

Proof. Put e' = a(e). Let L be the i3"-connected component of -E'p(e) with 
e G L and L' the -ff'-connected component of -^-p/^e') with e' G L' . Proposition 
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III. 2. 61 implies that q(L) C L' and (poi^) C L' . If £ = an • hi ■ ao is an 

H-loop in L with the base point tL'(e), there is the unique Uft 

dn ■ hn ■ . ■ ■ ■ hi ■ o-Q 

of i in L with cto(O) = e. Now 

(a o dn) ■ 4>{hn) ■ ■■■■ (p{hi) ■ {a o o-q) 

is an i3"-path in L' with the initial point e', and is exactly the lift of the iJ-loop 

= {(1)0 o an) ■ (pihn) ■ ■■■■ (j){hi) ■ {(1)0 oao) 

in L' with the base point w'{e'). Therefore 

tP{ne[l])^^ ■ e' = a{ne[£]-^- e) = Q(a„(l)) = 7ie'((</'lL)*M)"' • e' • 

■ 

Theorem II. 3. 3 Let tp : G ^ G' be a continuous functor between Stale 
groupoids such that ipo is a local homeomorphism. Let H be a topologi- 
cal groupoid and let {E,p,w) be a principal G-H-bibundle with locally path- 
connected fibers. Then the tensor product {{ip) ® E, (ip) ® p, (tp) w) is a 
principal G' -H -bihundle with locally path- connected fibers, and the leaves of 
E are precisely the leaves of (tp) E, with the same leaf topology. 

Proof. Recall that {ip)®E is the orbit space of {ip) xq^E = G'l 'Xq' E with a 
right action of G. Observe that the quotient projection G'l Xq/ E ^ (ip) (8> E 
is a local homeomorphism. Since w and (tp) w are local homeomorphisms 
and vu = {{^p) ® w) otp^, the map ^pE is also a local homeomorphism. 

Let a' G Gq. The fiber {{ip) (g) E)a' is the orbit space of the G- invariant 
subspace 

cod~^{a') Xqi E C G'l Xqi E . 

The space G'f = cod^^{a') is discrete, and for any fixed g' € G'f we have 
^3'} ^G'a ^ ~ UaeV,7'((iomg')^" ^ ^' i^o^{domg') is also discrete, 

Ea is open in [JaGip-^domg') ^o-' " ^ i>o^{domg'). Since each fiber 

of E is locally path-connected, this yields that G'^ Xf^i E is locally path- 
connected, and hence also {{ip) ®E)a' is locally path-connected. Moreover, for 
any a G 'ipQ^{a'), the restriction 

^E\Ea ■■ Ea > {{ij)^E)a' 

is a local homeomorphism. Let a G \pQ^{a'), let L be an iif-connected com- 
ponent of Ea, and let L' be the iJ-connected component of {{ip) E)a' with 
iPe{L) C L'. Since L is open in Ea and L' is open in {{ip)®E)ai , the restriction 
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is also a local homeomorphism. 

Take e G L and assume that g' (8) e' is a point of L' which lies in the same 
path-connected component of L' as l^o(p(e)) (8)6. Since 'SiE)a' is the orbit 
space of G'l Xqi E, Proposition II.4.2I implies that there exists a G-path 

f^n ■ gn ■ ■ ■ ■ ■ gi ■ CTQ 

from (l^gj-p^g)), e) to {g',e') in G'l Xq/ E. Since G'l is discrete, it follows 
that for any i = 0, 1, . . . , n we have 

ai{t) = {g',,pi{t)) tG[0,l], 

for an element g[ £ G'f" and a path pi in E. In particular, tpo{p{pi{t))) = 
domg[ for any t € [0,1], and since V'o is a local homeomorphism, popi is a 
constant function as well, for all i = 0, 1, . . . , n. Further, g^^ ■ pi(0) = pi-i{l) 
and 

g'i = ip{gi°---°gi)~^ 

for any i = 1,2, ... ,n. Now the paths {{gi o . . . o gi)^^ • - ) o pi concatenate in 
a path from e to {gn o . . . o • e' in L, and 

V'£;((5'no---o5'i)""^ -e') = g' ®e' . 

This proves that any path-connected component of L' which intersects ipEiL) 
lies in iI)e{L)- Since TpE is iJ-equivariant, this implies that ipEiL) = L'. 
Now since iPe\i ■ L ^ L' is an open surjection, it induces a homeomorphism 
between the corresponding leaves. 



Let G be an etale groupoid, H a topological groupoid and E a principal G- 
iJ-bibundle with locally path-connected fibers. Theorem 111. 3. 31 shows that the 
decomposition of Hq into the leaves of E is invariant under the left composition 
of E with (^) if ■i/^o is a local homeomorphism. In particular, the effect-functor 

e : G ^ r(Go) , 

described in Section lL2l is the identity on objects. Thus (e) iS) E has the same 
leaves as E. However, the holonomy groups may change. 

To be more precise, take e € E, and let L be the leaf of E with w{e) G L. 
We define the geometric holonomy homomorphism of L with respect to the 
base point e to be the composition 

tUe = toHe. T^i{H{L),w{e)) T{Go){p{e),p{e)) . 

As the holonomy homomorphism, the geometric holonomy homomorphism 
depends up to an isomorphism only on the leaf L. Thus we can define (up to 
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an isomorphism) the geometric holonomy homomorphism eTii ■ t^i{H{L)) — > 
r(Go) of L. The geometric holonomy group t7i{L) of L is the image of zTIl 
in r(Go). 

Now Theorem lII.3.21 apphed to the e-ic?^-equivariant map ze imphes that 
the holonomy group of L regarded as a leaf of (e) ®E\s exactly the geometric 
holonomy group of L. 

Example II. 3. 4 (1) Let G be an etale groupoid and X a topological space. 
Let c be a Haefliger G-structure on X represented by a G-cocycle c = (qj) 
on an open cover U = {Ui)i^i of X, and let (S(c),p, tt;) be the corresponding 
principal G-bundle over X. 

Recall that S(c) is a quotient of the space S(c) = Gi xq^ Uig/ '^^^ 
quotient projection g : S(c) — > S(c) is a local diffeomorphism. Indeed, observe 
that if y C Gi is such that both dom \v and cod \v are injective, then both 
q\vx^ Ui and w\q(yy^ jja are injective, for any i £ I. Therefore, it is clear 

that the principal G-bundle S(c) has locally path-connected fibres if and only 
if the maps Cjj have locally path-connected fibres. 

Assume now that the maps have locally path-connected fibres. We will 
describe the leaves and holonomy of S(c) in terms of c. Choose x € X and 
let L be the leaf of S(c) with x £ L. Using the fact that the open subsets of 
the form q(y '>^Q^ Ui) as above cover S(c), it is obvious that a point x' £ X 
belongs to L if and only if there exists a path o" : [0, 1] ^ X from x to x' , with 
a partition = to < *i < • • • < tn-i < in = 1 such that 

a[tk^i,tt] C Ci^j^(afc) 

for some ii, . . . , i„ G / and oi, . . . , o„ G Gq- Any path in L is of this form. 

Now assume that we have a loop a in L with the base-point x. Choose 
io £ I with X G Uig, and put e = x, iq] G S(c). Let L be the connected 

component of S(c)p(e) with e £ L. We will compute TCe{[o']). 

First, choose a partition = to < *i < • • • < *n-i < tn = ^, h, ■ ■ ■ jin & I 
and ai, . . . , a„ G Go such that 

cr[tk-i,tk] C crj^(afc) • 

Take gk = Ci^^_i,ijy'^itk-i)) and Qk = gi o g2 o ... o gk, ior k = 1,2, ... ,n. Define 
cTfc : [tfc-i,ifc] ^ 5](c) by 

CTkit) = {gk,cr{t),ik) k = l,2,...,n. 

The paths qoak amalgamate in a path a : [0, 1] — > L. Clearly woa = a and 
cj(0) = e. Since 



a(l) = [Qn,X,in\ = [QnoCi^,io{x),X,io] , 
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this yields that He([cr]) = CiQ^i^{x) o g^^ , that is 

Tieiia]) = Cio,i„(cj(t„))oCi„,i„_i(cj(t„_l))o...oQi,io(o-(to)) • 

(2) Let G be an etale groupoid, H a topological groupoid and (j) : H ^ G 
a continuous functor. A fiber of {(p) over a € Gq is dom~^{a) Xq^ Hq C {(p). 
Since dom^^{a) is discrete, the fibers of {(p) are locally path-connected if and 
only if the fibers of 00 are locally path-connected. 

Assume that the fibers of (j)Q arc locally path-connected. Then a leaf of 
{(p) is a minimal union of connected components of the fibers of (pQ which 
is i/-invariant. Each connected component of a fiber of (po is open in the 
corresponding leaf with respect to the leaf topology, and embedded in Hq. 

The holonomy of an i3"-loop i = Un ■ hn ■■■■■ hi ■ uq in a, leaf L of {(p) with 
the base-point x G L is clearly 

He(M) = (p{hn) ° (p{hn-l) (p{,hi) , 

where e = {l^^(^^),x). 

(3) Let G be a discrete group acting continuously on a topological space 
Y. Let ii" be a topological groupoid with Hq locally path-connected, and 
assume that \H\ is connected. Let {E,p,w) be a principal G(y)-iJ-bibundle. 
Observe that there is a canonical continuous functor between etale groupoids 

p : G{Y) — > G . 

Therefore (p) is a principal G-if-bibundle. Note however that as a space, 
(p) ®E is homeomorphic to E and this homeomorphism is p-ic?^-equivariant. 
The underlying G-bundle over Hq of the bibundle {p)0E is principal, therefore 
is a covering projection. 
Now since Go is a one-point space and is connected, it is clear that E 
has only one leaf, i.e. Hq. We have the holonomy homomorphism of this leaf 

Hh, ■■ MH) G . 

As we know, with a base-point in Hq fixed, this homomorphism is determined 
up to a conjugation in G. This is closely related to the notion of development. 
In fact, if H is just a space X and if X is an universal covering space of X, 
the development map can be defined as po<^ : X ^ Y, where : X ^ E is a 
covering projection. 



Chapter III 

Stability 



A Haefliger G-structure on a topological space X can be seen as a generalized 
foliation on X. Moreover, the Haefliger- Reeb-Ehresmann stability theorem 
generalizes the Reeb stability theorem for foliations on manifolds (Theo- 
rem In Chapter im we showed that in fact any transitive G-i/-bibundle 
- and hence any Hilsum-Skandalis map between topological groupoids H and 
G - can be seen as a generalized foliation on H. 

In this Chapter we prove a stability theorem for a transitive G-i/-bibundle, 
which in particular generalizes the Haefliger-Reeb-Ehresmann stability theo- 
rem. Furthermore, we show that the Reeb-Thurston stability theorem (The- 
orem II.1.2|) can be extended to transitive G-iJ-bibundles in the case where 
G is an etale C^-groupoid. In particular, we give a version of the Reeb- 
Thurston stability theorem for Haefliger G-structures. In Chapter IIVI we shall 
apply these results to the C^-principal r^i-G(M)-bibundle associated to a 
G-equivariant foliation on a C^-manifold M (Example III. 1.81 (3)). 

III.l Reeb Stability for a Transitive Bibundle 

To prove the Reeb stability theorem for a transitive bibundle, we first deal with 
a special case of a transitive y-X-bibundle, i.e. a continuous map p : X ^ 
where X and Y are topological spaces. Recall that a leaf of a continuous map 
p : X — > y is a connected component of a fiber of p with the inherited topology 
from X, and the holonomy group of a leaf of p is trivial. 
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Lemma III. 1.1 Let p : X Y he a continuous map between topological 
spaces, K a compact subset of X and U an open subset of X with U d K . If 
L is a closed Hausdorff leaf of p such that L n K = L nU 7^0, then L C U. 

Proof. Since L is closed, LnK is closed in the compact K and hence compact. 
Since L is Hausdorff, LOK is closed in L. But LDK = LOU is also open in 
L and non-empty, and therefore L nU = L hy connectedness of L. 



Lemma III. 1.2 Let X be a locally compact space and K a closed compact 
subset of X. Then X/K is locally compact and the restriction of the quotient 
projection q : X ^ Xj K to the open subset X\K of X is an open embedding. 

Proof. If U is an open neighbourhood of {K} in X/K, then q'^{U) is an 
open neighbourhood of K in X. Since X is locally compact and K is compact, 
there exists a compact neighbourhood W C q~^{U) of K. Now K C Int(VF), 
so Int(VF) is saturated and open. Therefore q{lnt{W)) is open in X/K, q{W) 
is a compact neighbourhood of {K} in X/K and q{W) C U. The rest of the 
lemma is a trivial consequence of the fact that K is closed. 



Theorem III. 1.3 (Reeb stability for a continuous function) Let X be 

a locally compact space, Y a locally Hausdorff space and p : X ^ Y a contin- 
uous map with Hausdorff leaves. Let L be a compact leaf of p which is open 
in the fiber p~^{p{L)). Then for any open neighbourhood V of L there exists 
an open neighbourhood U CV of L which is a union of compact leaves of p. 

Proof. Clearly we can assume without loss of generality that Y is Hausdorff. 
Since the points of Y are closed, the fibers of p are closed and therefore the 
leaves of p are also closed. 

(a) Assume first that L = {x} for some point x € X, and denote y = p{x). 
Since L is open in p^^{y), there exists an open neighbourhood of x in X 
such that W r\p~^{y) = {x}. Since X is locally compact there is a compact 
neighbourhood K oi x with K cVtlW. Put R = K\ Int{K). Now Int{K) is 
open in X and hence also in K, so R is closed in the compact K and therefore 
compact. Hence p{R) is compact in Y, and since Y is assumed to be Hausdorff, 
this yields that p{R) is closed in Y. Since W r\p^^{y) = {x} and x G Int(i<'), 
we have R n p'^iy) = and hence y ^ p{R). Take 

U = liA{K)r\p-^{Y\p{R)) . 

The set U is clearly an open neighbourhood of x and U <Z K <ZV . Let L' be 
a leaf of p such that L' n J7 / 0. It follows that p{L') n p{R) = and hence 
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L' n i? = 0. This yields that L' n K = L' n C/ 7^ 0, so Lemma UTTTT] impUes 
that L' C U. Moreover, L' is a closed subset of the compact K and therefore 
compact. It follows that [/ is a union of compact leaves of p. 

(b) For the general case, denote hy q : X ^ X/L the quotient projection. 
Now p = p' oq for a unique continuous function p' : X/L Y. By Lemma 
IIIL1.21 X/L is locally compact and q\x\L is an open embedding. Now {L} 
is a leaf of p'. For any leaf L' of p', q~^{L') is a leaf of p, and if L' ^ {L} 
then q~^{L') is homeomorphic to L'. The set V is saturated and hence qiV) is 
an open neighbourhood of {L} in X/L. Clearly all leaves oi p' are HausdorfF 
and {L} is open in p'~^{p{L)), so we can use the part (a) to find an open 
neighbourhood U' C qi/V) of {L} which is a union of compact leaves of p' . 
Then we take 

U = q-^{U') 

and the proof is complete. 



Corollary III. 1.4 Let X he a locally compact space, Y a locally Hausdorff 
space andp : X ^ Y a continuous map with locally connected H aus dor jf fibers. 
Let L be a compact leaf of p. Then for any open neighbourhood V of L there 
exists an open neighbourhood U C V of L which is a union of compact leaves 
of p. 

Proof. Since the fibers of p are locally connected, the leaves are open in the 
corresponding Hausdorff fibers, and hence also Hausdorff. 



Theorem III. 1.5 (Reeb stability for a transitive bundle) Let G be a 

topological groupoid and {E,p, w) a transitive G -bundle over a topological space 
X. Assume that E is locally compact, Gq locally Hausdorff and {E,p,w) with 
locally connected Hausdorff fibers. Let L be a compact leaf of {E,p,w) with 
compact holonomy group. Then for any open neighbourhood V of L in X there 
exists an open neighbourhood U C V of L in X which is a union of compact 
leaves of {E,p, w). 

Proof. Choose a £ Gq and a connected component L of the fiber Ea = p~^{a) 
such that L is associated to L. Since 7Y(L) is compact and L = L/7i{L) is 
compact, L is also compact. Applying Corollarv lHI.1.4l to the map p : E ^ Gq 
we can find an open neighbourhood 



U C w"\V) 
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ol L in E which is a union of compact leaves of p, i.e. of compact connected 
components of the fibers of {E,p,w). Since w is open, 

U = w{U) C V 

is an open neighbourhood of L in X which is a union of compact leaves of 
{E,p,w). 



Theorem III. 1.6 (Reeb stability for a transitive bibundle) LetG and 
H he topological groupoids and {E,p,w) a transitive G-H-bibundle. Assume 
that E is locally compact, Gq locally Hausdorff and {E,p,w) with locally con- 
nected H-Hausdorff fibers. Let L be an H -compact leaf of {E,p,w) with com- 
pact holonomy group. Then for any H -invariant open neighbourhood V of L 
in Hq there exists an H -invariant open neighbourhood U d V of L in Hq 
which is a union of H- compact leaves of {E,p,w). 

Proof. Note that the associated G-bundle E/H over is locally compact 
with locally connected Hausdorff fibres. By Proposition 111.2.51 L/H is a com- 
pact leaf of {E/H,p/H,w/H) with compact holonomy group, and V/H is 
an open neighbourhood of L/H in \H\. The result now follows from Theorem 
nil. 1.51 and Proposition III.2.51 

■ 

Remark. In particular, Theorem IIII.1.6| extends the Reeb stability theorem 
to principal G--H"-bibundles, i.e. to the Hilsum-Skandalis maps from H to G. 
In the special cases, it gives a version of the Reeb stability theorem for nested 
foliations (Example III . 1 . 81 f 4) ) and for foliations invariant under a group action 
(Example UTTHl (3)), which we will discuss extensively in Chapter IIVI 

Theorem III. 1.7 (Reeb stability for a principal bundle) Let G be an 

etale groupoid with Gq locally Hausdorff, and let {E,p,w) be a principal G- 
bundle over a locally compact space X with locally path- connected Hausdorff 
fibers. Let L be a compact leaf of {E,p,w) with finite holonomy (respectively 
geometric holonomy) group. Then for any open neighbourhood V of L in X 
there exists an open neighbourhood U CV of L in X which is a union of com- 
pact leaves of {E,p,w) with finite holonomy (respectively geometric holonomy) 
groups. 

Remark. Observe that if X is Hausdorff, the assumption that the fibers of 
E are Hausdorff is superfluous. 

Proof, (a) Assume first that the holonomy of L is finite. Since X is locally 
compact and w is a local homeomorphism, E is also locally compact. Choose 
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e £ E with w{e) € L, and let L be the connected component of the fiber 
£'p(e) with e G L. Since Hi^L) is finite and L = L/7i{L) is compact, L is 
also compact. Applying Corollary IIII.1.41 to the map p we can find an open 
neighbourhood 

U C w~^{V) 

of L in E which is a union of compact leaves of p, i.e. of compact connected 
components of the fibers of {E,p,w). Proposition III. .S.T] implies that the holo- 
nomy group of a compact connected component of a fiber of {E,p, w) is finite. 
Thus 

U = w{U) C V 

is an open neighbourhood of L in X which is a union of compact leaves of 
{E,p,w) with finite holonomy groups. 

(b) Assume that the geometric holonomy of L is finite. Recall from Section 
Othat we have the effect-functor 

e : G ^ r(Go) , 

which is the identity on objects. By Theorem III. 3. 21 and Theorem III. 3. 31 the 

tensor product (e) (gi E has locally path-connected fibers and exactly the same 
leaves as E. Moreover, the geometric holonomy group of a leaf of E is exactly 
the holonomy group of the same leaf regarded as a leaf of (e) (8) E. Since E 
has Hausdorff fibers, the leaves of E are Hausdorff, and therefore the fibers of 
(e) (S) E are also Hausdorff. The theorem thus follows from the part (a). 

■ 

Remark. In the case where G is effective. Theorem IIII.1.7I is precisely the 
Haefliger-Reeb-Ehresmann theorem for Haefliger G-structures jEl- In par- 
ticular, it generalizes the classical Reeb stability theorem for foliations on 
manifolds, and gives a version of the Reeb stability theorem for foliations with 
modular sing ularities (Example UTTHl (2)). 

III. 2 Differential Categories 

In Section IIII.3I we will generalize the results of Section IIII.ll in a similar 
way Thurston generalized the Reeb stability theorem jSH] (see Theorem II.1.2|) . 
The proof of the Thurston generalization can be essentially reduced to a the- 
orem concerning groups of germs of diffeomorphisms of R'^ with differential 1, 
which was simplified in 32» • In Subsection IIII.2.2I we prove the infinite- 
dimensional version of that theorem, in order to prove in Section IIII.3I the 
Reeb-Thurston stability for transitive G--ff-bibundles, where G is an etale 
C^-groupoid. To facilitate the proof, we first introduce differential categories 
and investigate some of their properties. 

Notation. In this section, F stands for the field R or C, and all the vector 
spaces are over F unless we specify the field explicitly. 
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III. 2.1 Definition of a Differential Category 

Definition III.2.1 A right linear category over ¥ is a category C which sat- 
isfies 

1. £(a, a') is a vector space over F, for any a, a' G Ob 't (we denote by Oa',a 
the neutral element of £(a, a') ), 

2. - oc : (t{a',a") ^{a,a") is linear, for any a, a', a" G Ob€ and any 
c G £(a, a'), 

3. C(a', a") o Oa',a = Oa",a for any a, a' , a" G Ob £. 

Remark. A linear category is a right linear category in which the obvious 
duals of the conditions 2. and 3. are satisfied as well. 

Notation. Let (the a right linear category. A morphisni A E <t{a' , a") is linear 
if Ao - : (t{a,a') (t{a,a") is linear for any a G ObC For example, Oa"^a' 
and the identity morphism !„/ G C(a', a') are linear. The linear morphisms of 
£ clearly form a linear subcategory of £, which will be denoted by 

Definition III.2.2 Let £ andD he right linear categories. A functor F : £ 
2) is linear if 

: ^{a,a')^^{Fa,Fa') 

is linear, for any a, a' G ObC 

Definition III.2.3 Let € be a right linear category. A (semi)norm on ^ is a 
function 

11-11 : U *^(«'"') 
a,a' eObC 

such that \\-\\\it(a,a') ^ (semi)norm on <t{a,a') for any a, a' G Ob£. A 
(semi)norm || - 1| on ^ is submultiplicative if \\la\\ = 1 and 

\\c' o c|| < ||c'|| ||c|| 

for any c G €{a,a'), c' G *t{a',a"), a, a', a" G ObC A (semi)normed (right) 
linear category is a pair {<t,\\-\\), where (L is a (right) linear category and 
II - II is a submultiplicative (semi)norm on £. A (right) Banach category is a 
normed (right) linear category (55, || - 1|) such that the normed space 

(*8(a,a'),||-|||?B(a,a')) 
is complete, for any a, a' G Ob *8 . 

Remark. Banach categories need not be additive. 
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Example III. 2. 4 (1) A Banach algebra A with identity is a Banach category, 
with Ob^ an one-point set. 

(2) The category Ban = Banp of Banach spaces over F and bounded 
linear operators is a Banach category over F. 

(3) Let Obe^ = Ob Ban and let (t{X,y) be the vector space of continuous 
functions f : X ^ y, for any pair of Banach spaces X,y. Then C is a right 
linear category. We can define a function || - |[oo : U;^^ 3;eObc^('^' ~^ t^' 
by 

||/||oo = SUp|l/(x)|| 

for any / G (t{X,y). This function satisfies the usual properties of a norm, 
and for any / G ^(^-,3^) and /' G <C{y,Z) we have ||/'o/||oo < ||/'||oo. 

Definition III. 2. 5 Let d be a right linear category. A ^-linearization of <t 
is a linear functor 

D-.a — > 55 , 

where ^ is a Banach category. A ^-linearization D of ^ is called a 55- 
difjerential on C if there exists a sequence (|| - ||n)5JLi of norms on ^ such that 

V \\^°^ ~ C°c"||n , II n II 

limsup — |— — I < \\L)c\\ 

n— >oo ||C C \\n 

for any c G £(a',a") and any two distinct c',c" G ^{a,a'), a, a', a" G ObC 
A differential category is a triple (C, Z),55), where ^ is a right linear category 
and D is a ^-differential on ^. 

Remark. In Subsection 1111.2.31 we will show that differential categories nat- 
urally arise from the affine manifolds. 

Lemma III. 2. 6 Let C and 5) he right linear categories, D a "^-differential on 
S and F : £ — > S a faithful linear functor. Then DoF is a '^-differential on 
£. 

Proof. Since F is faithful, -F|e;(a,a') '■ ^[a,a') — > 'S{Fa, Fa') is injective, 
for any a, a' G Ob (L. Since D is a 55-differential, there exists a family of 
norms (|| - on T) as in Definition IIII.2.51 This family induces a family 

of norms {\\F- \\n)^^i on d. Now for any c G ^{a',a") and any two distinct 
c', c" G £(a, a') we have 

||F(coc'-Coc")||n ,. WFcoFc' -FcoFc"\\n ^ 

hmsup — - — ; r-^ = hmsup < \\L)L c , 

n-.oo^ \\F{C'-C")\\n n-.oo^ \\Fc' - Fc"\\n 

and hence D o F is a 55-differential. 
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Example III. 2. 7 Define a category C with Oh<L = Ob Ban such that for any 
X,y € Ob Ban, y) is the vector space of functions f : X ^ y which are 
continuously differentiable on some open neighbourhood of € preserve 
bounded sets and satisfy /(O) = 0. Clearly C is a right linear category. Note 
that a morphism / of is linear if and only if it is a bounded linear operator, 
so £e: = Ban C 

If / € <t{X,y) and x € Af such that / is differentiable at x, we denote 
by dfx G Ban(^Y, 3^) the differential of / at x. We have a natural Ban- 
linearization D on (L given as the identity on objects and by 

D{f) = dfo 

for any / € <i{X,y). Observe that D'^ = D and D{(t} = Ban, i.e. D is a 
projector on Ban. 

Now define for any r € [0, oo) a seminorm on £ by 

11/11. = sup ||/(x)|| 

for any / G ^{-V, y)- This is well-defined since / preserves bounded sets. Since 
/ is continuous on an open neighbourhood of 0, we have 

lim||/||,= ||/||o = 11/(0)11=0. 

r—>^0 

Note that if /' e ^iy,Z), then 

ll/'°/llr<||/'||||/||. 

for all r > 0. Moreover, if A G Ban(-^,3^), then \\A\\r = r\\A\\. It follows 
that II - ||r is actually a norm on Ban, for any r > 0. We can define also 
11/11 = ||i])(/)|| for any / G ^(^, 3^), obtaining a submultiplicative seminorm on 
£ which extends the standard norm on Ban. From the definition of differential 
dfo one can easily see that 

11/11 = ll^(/)ll = ll4fo|| = lim 
It follows that D{f) is the unique linear morphism in (L{X,y) which satisfies 

Moreover, if /', /" G <t{X,y) and / G (t{y,Z), the mean value theorem 
gives us for any x ^ X small enough 

ll/(/'(x)) - /(/"(x))|| < ||/'(x) - r(x)|| sup ||d/.,|| , 

x'eS 
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where S is the segment between f'{x) and f"{x). It fohows that for small r 

\\fof'-fof"\\r<\\r-f"\\r sup 

x'€K 

where now K = {x' e X \ \\x'\\ < max( ||/'||r, ||/"||r) }• If germg /' ^ germg /", 
then II/' — /"||r > for any r > 0, and by the continuity of the differential 
dfx' around we get 

r^O 11/ - J llr 

Define now a category 13an = Banp with Ob Ban = Ob Ban such that 
for any X,y G Ob Ban, Ban[X , y) is the vector space of germs at of contin- 
uously differentiable functions f : U ^ y, defined on an open neighbourhood 
U C X of with /(O) = 0. This is also a right linear category, and the natural 
functor 

germg : C — > Ban 

is linear, the identity on objects and full on morphisms. Note also that we can 
identify CBan = Ban. Moreover, D factors through germg, so we obtain a 
Ban-linearization of Ban, which we will denote by T>. 

For any X,y G Ob Ban, we can choose a linear injection 

a = ax,y : Ban{X,y) <i{X ,y) 

such that germQ(a(7)) = 7 for any 7 € Ban[X ,y). The map a may not be 
a functor, but if 7 G Ban{X ,y) and 7' G Ban{y,Z), the functions 0(7' 07) 
and 0(7') 00(7) determine the same germ at 0, and hence they coincide on 
some neighbourhood of 0. 

Using a, the seminorm || - ||^. induces a seminorm on Ban, which will be 
denoted again by || - ||r, for all r > 0. But || - \\r is in fact a norm on Ban for 
any r > 0. Moreover, the inequality HIII.1|) gives us 

^.^ 11707^ --joi'Wr _ j.^ ||«(7)o«(70 - 0(7)00(7'') llr- 

r-.0 Il7'-7"l|r- r->0 l|a(7') " "(t") l|r 

< ||D(a(7))|| = ||P(7)II 

for any 7 G Ban{y,Z) and any two distinct 7', 7" G Ban{X,y). It follows 
that I? is a Ban-differential, so {Ban, D, Ban) is a differential category. 

III. 2. 2 Representations of Groups in Differential Categories 

If G is a groupoid and <t a category, we call a functor 

R:G — > e: 

a representation of G in <t. Such a representation R is called trivial if the 
restriction RlQf^^a') ^ constant map, for any a, a' G Gq. 
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Remark. If A" is a vector space, the underlying abelian group X can be seen 
as a category with only one object, so we can speak about Af-representations 
of a groupoid G. If G is a group and <t a category, a representation of G in is 
thus just a homomorphism of groups R:G^ ^-^{a,a), where ^'^{a, a) is the 
group of isomorphisms in C{a,a), for some a S ObC For example, if X is a 
Banach space, then Ban(^, X) is a Banach category, and the representations 
of G in Ban(Af, X) are just the representations of G in the classical sense. 

Example III. 2. 8 Let be a Banach space over R and M a C^-manifold 
modeled on £. For any x G M, choose a chart ipx : Ux ^ £ on M with x (^Ux 
and (px{x) = 0. Define a representation p = pM of the groupoid Tci{M) in 
the category Ban (Example IIII.2.7|) by 

pigeTiRxf) = germo[y?/(^) 0/099^^] G Ban{£,£) , 

for any G^-diffeomorphism f on M defined on an open neighbourhood of x. 
The representation p is clearly well-defined and faithful. Another choice of 
charts gives a naturally isomorphic representation. 

Notation. Let G be a finitely generated group, B a finite basis (i.e. a finite 
set of generators) for G with 1 £ B = B~^, and let be a normed space. 
Further, let P be a subset of G with B C P and let e > 0. A (P, e)- approximate 
representation in A' is a function 

rj: P — ^ X 

such that for any g,g' G P with g'g G P we have 

iMg) - via') -vi9)\\ < ^ ■ 

We say that rj is normed if 

max||?7(5)|| = 1 . 

Note that a (G, 0)-approximate representation in X is exactly a representation 
of G in X. 

Recall now the following result of Thurston |39[ Lemma 1] : 

Lemma III. 2. 9 Let G be a finitely generated group and let B be a finite basis 
for G with 1 G P = B^^ . Then non-trivial representations of G in F exist 
if and only if normed [B'' , e)- approximate representations in F exist for any 
e > and any integer / > 1 . 

Theorem III. 2. 10 Let G be a finitely generated group, (^, P',*B) a differen- 
tial category over F and R a representation of G in <L. Then either 
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(i) R is trivial, or 
(a) DoR is non-trivial, or 

(Hi) there exists a non-trivial representation of G in F. 

Proof. Assume that R is non-trivial and D o R is trivial. Let a be the 
object of such that R : G ^ 't~^{a,a). Choose a finite basis B for G with 
1 a B = B^^. Since D \s a *B-differential, there exists a sequence of norms 

(l|-||n);f=l 

on £ as in Definition IIII.2.51 By Lemma IIII.2.9I it is enough to show that for 
any e > and any integer / > 1, there exists a normed e)-approximate 
representation in F. Take therefore e > and / > 1, and let 5 > be so small 
that ((/ - 1)5 + 1)5 < e. 

If g,g' e G and R{g) / la, we have D{R{g') - la) = ODa,Da, and hence 

1-^^ \\iR{g')-la)oR{g)-{Rig')-la)\\n ^ ^ ^ 

11-^(9) - lalln 

Since B^ is finite, we can choose n > 1 such that 

\\{R{g')-la)oR{g)-{R{g')-la)\\n < \\R{g)-la\\nS 

for any g, g' G BK 

Denote M = maxg^s \\Rig) ~ la||n- Since R is non-trivial, we have M > 0. 
Define now r] : B^ — > e:(a, a) by 

g{g') = ^^{R{g')-la) g'^B^- 

First we shall prove by induction that for any integer k, 1 < k < I, 

Mg')\\n < (k - 1)5 + k (IIL2) 

for any g' € B'^. This is clearly true for k = 1. Assume now that the inequality 
()IIL2|) holds for some k < I. Take any g" S B^^^ and write r = g'g for some 
g' € -B^ and g B. Then we have 

ll^(/)l|n = ^\\R{g'g)-la\\n 

= j^\\R{g'g) - R{g) - R{g') + la + R{g') - la + R{g) - 

< }^\\{R{g')-la)oR{g)-{R{g')-la)\[^ 

+ lalln + ^||i2(5)-la|U 

< ^\\R{g) - laWJ + ^11 - lalln + ^||i?(5) " lalln 



U<^+ll^(5')IU+ll^(5)l|n 

< 5 + {k-l)5 + k + l = k5 + {k + l) . 
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This proves the inequahty HIII.2|) . In particular we have for any g' E 

\\v{g')\\n<{l-i)d + l. 

Now take any g,g' G B^ such that g'g G BK The inequahty above yields 

Ma'g) - via') - v{9)\\n 

= j^WRia'a) - la - Rig') + ia- R{9) + la lU 

= l,||(i?(5')-la)oi?(5)- W)-la)IU 

< j^\\R{g)-lJ^5=Ug)\\n6 

< {{1-1)5 + 1)6 <e . 

Thus 7/ is a (i?', e)-approximate representation in {(L{a,a), \\ - ||„). It is clearly 
normed. Choose now a bounded linear functional 

/: (e:(a,a),||-||n) 

of norm 1 such that f{r]{g)) = 1 for an element g B with \\R{g) — la\\n = M. 
Then we take f) = f o-q. It follows that f/ is a normed (i?', e)-approximate 
representation in F. 



III. 2. 3 Differential Categories Associated to AfRne Manifolds 

In this Subsection we show that the germs of C^-maps of an affine manifold 
l2Uj provide a natural example of a differential category. 
Let £" be a fixed Banach space over F. Recall that if X and y are Banach 
spaces and U an open subset of X, a mapping f -.U ^ y \s locally affine if for 
any x E [/ there exists a bounded linear operator A G Ban(A:', 3^) such that 

f{x + = f{x)+Ai 

for any ^ ^ X small enough. In particular, the map / is analytic (real analytic 
when F = R) and A is the differential dfx of / at x. 

Definition III. 2. 11 An affine £-modeled atlas on a set M is an 8-modeled 
atlas 

{(fi : Ui — > £)i(zi 
on M such that the change of coordinates maps 

ifij = ^ioipj'^\^^(^u,nu,) ■ VjiUi n Uj) — > ipi{Ui n Uj) 

is locally affine, for any i,j G /. An affine manifold modeled on £ is a set M 
together with a maximal affine £-modeled atlas on M . 
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Remark. In particular, any afiine manifold is an analytic (real analytic when 
F = R) manifold. If / : M ^ M' is a map between affine manifolds, we say 
that / is affine if for any x G M there exist affine charts (p : U ^ £ for M and 
(f' -.U' ^ £' for M' with x e U and f{U) C U' such that 

is locally affine. One sees immediately that this condition is in fact independent 
on the choice of charts. 

Example III. 2. 12 It is easy to see that S^, and the Mobius strip can be 
equipped with an affine structure. Of course, any open subset of £ is an affine 
manifold modeled on A disjoint union or a product of affine manifolds is 
again an affine manifold. 

Notation. Let M be a C^-manifold modeled on £. If x,x' € M, we denote 
by A{M){x,x') the set of germs at x of C^-maps f : U ^ M, defined on an 
open neighbourhood U of x, with f{x) = x' . Denote 

A(M) = ]J A(M)(x,a;') . 

Clearly A(M) has a structure of a category, given by the composition of 
germs. There is a natural C-'^-structure on A(M) such that dom is a local 
C^-diffeomorphism. 

Definition III.2.13 Let M he an affine manifold modeled on £, and x^x' G 
M. Define a structure of a vector space on the set A(M)(x,x') hy 

( a) germ^ / + germ^ /' = germ^ [ip-\{ip o f + o f - ip{x'))\ , 

(h) A germ^ / = germ^ [95"^o(A (/9 o / + (1 - A) (^(x'))] , 

for any germ^ /, germ^, /' G A.{M)(x,x'), any A G F and any affine chart 
<p:U^£ofM with x' G U. 

Remark. Note that with a fixed chart, this is well defined. We have to 
check that it is also independent on the choice of a chart. Let ip' : U' ^ £ 
be another affine chart of M with x' G U' . Since M is affine, {poip'~^ is of 
the form A + ipix') — A(p'{x') on a neighbourhood of (p'{x') for some bounded 
linear operator A G Ban(£^,£^). Therefore we have on a small neighbourhood 
of X 

ip~l{ip o f + If o f' - (fix')) 

= ip-\ipip'-'ip'f + ipip'-'ip'f'-ip{x')) 

= ip-\Aip'f + ip{x') - Aif'ix') + Aip'f + - Aif'ix') - ^(x')) 

= ^-'^^'-\^'f + ip'f - ip'ix')) = ^'-l{ip'of + <p'of'- ^'{x')) , 
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so the definition of germ^, / + germ^ /' is indeed independent on the choice of 
a chart. In a similar way we can check this also for (b). 

With a fixed chart, it is trivial to see that this definition gives a linear 
structure on A(M)(x,x'). The neutral element in A(M)(x,x') is the germ of 
the constant map. 

Observation III. 2. 14 Let M be an affine manifold modeled on E. Then 
A (A/) is a right linear category. 

Notation. Let M be an affine manifold, and x G M. Recall that the tangent 
space TxM can be described as the space of equivalence classes of triples 
([/, e), where (/?:[/—>■ £^ is an affine chart of M, x £ U and e G f , and 
where {U, (p, e) is equivalent to ([/', ip' , e') if 

A chosen chart ip : U ^ £ determines an isomorphism ip^x ■ TxM ^ £ and 
hence a norm on TxM. Another chart gives an equivalent norm, so TxM is a 
Banachable space |21) . 

Now choose one of the equivalent norms || - on T^^M, for any x £ M. If 
M is paracompact (and hence separated), it admits continuous partitions of 
unity and in this case we can choose these norms such that 

ll-li = n ll-IU :rM^ [0,(X)) 
xeM 

is continuous. 

Any element germ^ / € A(M)(x, x') has the derivative 

L>(germ^ /) = f,x G Ban(r^ M, T^^M) . 

With D{x) = TxM for any x G M, Z) is a Ban-linearization of A(M), 

D : A(M) — > Ban . 

Note that another choice of norms on the Banachable tangent spaces gives a 
naturally isomorphic linearization. 

Theorem III. 2. 15 Let M he an affine manifold modeled on £. Then 

(A(M),L>,Ban) 

is a differential category, for any choice of norms on the Banachable tangent 
spaces of M. 
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Proof. Choose a norm on the Banachable tangent space TxM, for any x G M. 
We have to prove that the corresponding hnearization D is a Ban-differential. 

Let germ^. / € A{M){x, x'), where f : W ^ M is a C"^-map defined on an 
open neighbourhood W of x. Let ip : U ^ £ and : F — > be affine charts of 
M with X (z U and x' £ V such that p{x) = and = 0. We can assume 
that W CU and f{W) C V. Now we can define s{f) : ip~],{p{W)) T^M 
by 

The map s{f) is clearly of class C^, and G (p~^{(p{W)) with s(/)(0) = 0. 
Define F(germ3, /) G Ban{TxM,Tx> M) by 

F(germ^. /) = germg s(/) . 

Note first that this is well-defined on germs. Secondly, this definition is inde- 
pendent on the choice of charts. To prove this, let :[/'—> f and : V' ^ £ 
be another charts with x £ U', x' G V , (p'{x) = and ^'{x') = 0. We can 
shrink W further such that W C U CiU' and f{W) C V CiV. Now on a small 
neighbourhood of G T^M we have 

But since M is affine, we have ip' oip~^ = d{ip' olp^^)q = p'^:x°V*x^ ^-Iso 
^'o§-^ = d{^'o^-^)o = ^'^^,0^-1,. Therefore 

on a small neighbourhood of 0. This means exactly that the definition of F 
is independent on the choice of charts. Extending F on objects of A(M) by 
F{x) = TxM for any x G M, we get a functor 

F : A(M) — > Ban . 

It is easy to check that F is linear and faithful. In example II 1 1 . 2 . 71 we defined 
the differential T> : San Ban. But for any germ^ / G A(M)(x, x') we have 

P(F(germ^/)) = ^'(germo oi9 o / o 99" ^ o v?*^)) 

= -d'l, o-d^x' o f*xo^'7lof*x = f*x = D{geicmxf) , 
for any pair of charts ip and i9 as before. Therefore we have 

VoF = D . 



Now Lemma IlII . 2 . 61 implies that L> is a Ban-differential. 
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III. 3 Reeb-Thurston Stability for Bibundles 

In this Section we use Theorem llll.2.10l to generalize the Reeb-Thurston stabil- 
ity to transitive G-iJ-bibundles. First, we define the notion of linear holonomy 
of a leaf of a transitive bibundle. 

For this, we assume that G is an etale C^-groupoid modeled on a Banach 
space £ over R, i.e. both Gi and Go are modeled on £. The effect-functor e 
now maps G in the etale C^-groupoid Tc^iGQ), 

e : G — > Tci{Go) , 

and it is of class C^. In particular, for each g € Gi we can compute the 
differential dc{g) of the germ t{g), which is a continuous linear map between 
the Banachable tangent spaces of Go 

de{g) = e(5')* domg '■ TdomgGo > TcodgGo . 

Thus G acts continuously on the tangent bundle T(Gq) of Gq with respect to 
the projection T(Gq) — > Go by 

g-i = dt{gm , 

for any g G Gi and any ^ G TdomgGo. 

Choose a norm on the Banachable tangent space TaGo, for any a G Gq. 
Then 

de : G — > Ban 

is a representation of G in Ban. 

Let H he a topological groupoid and {E,p,w) a transitive G-iif-bibundle. 
If L is a leaf of E, we define the linear holonomy group d7i{L) of L to be the 
image of Ti.{L) with de. It is defined uniquely up to a conjugation. 

Assume now that {E, p, w) is principal with locally path-connected fibers. 
Take e (z E and let L be the leaf of E with w{e) G L. The linear holonomy 
homomorphism of L with respect to the base point e is the composition 

dHe = deoWe : TTi{H{L),w{e)) Ban(rp(e)Go, Tp(,)Go) . 

In the same way as the holonomy homomorphism, the linear holonomy ho- 
momorphism depends up to an isomorphism only on the leaf L. Therefore 
we can define (up to an isomorphism) the linear holonomy homomorphism 
dTii : iTi{H{L)) — > Ban of L. Clearly, the linear holonomy group d7i{L) is 
the image of dTii- 

If G is finite-dimensional, we can define (by analogy with foliations on 
manifolds) that E is transversely orientable around L if all the elements in 
the linear holonomy group preserve orientation, i.e. they have positive deter- 
minant. 
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Proposition III. 3.1 Let G be an effective C - group oid modeled on a Banach 
space £, H a topological groupoid and {E,p, w) a transitive G-H-bibundle. Let 
L be a leaf of (E,p,w) such that Keic dtlj-K^^ is finitely generated and 

Hom(Kerde|7^(L),R) = {0} . 

Then Ker dt\')-i(^^ is trivial. 

Proof. A choice of charts as in example II 1 1.2.81 gives a representation p of 
T(ji{Go) in Ban, and the composition 

pot : G — > Ban 

is a faithful representation of G in Ban. (Example IIII.2.7'j) . The composition 
Vo pot is isomorphic to dt. The restriction R of the representation pot to the 
group Ker dt\T-i(^i^-) is now a representation of Ker (ie|7-^(/,), and the composition 
T> o R is trivial. Now Theorem IIII.2.10I yields that R is trivial. But pot is 
faithful, therefore the group Kerde|7^(/,) is trivial. 



Corollary III. 3. 2 Let G be an effective C -groupoid modeled on a Banach 
space £, H a topological groupoid and {E,p,w) a locally compact transitive G- 
H-bibundle with locally connected H -Hausdorff fibers. Let L be an H-compact 
leaf of {E,p, w) such that 

1. Ker(ie|7^(i) is finitely generated, 

2. Hom(Kerde|7.c(/,),R) = {0}, and 

3. the linear holonomy group of L is finite. 

Then the holonomy group of L is finite, and for any H -invariant open neigh- 
bourhood V of L in Hq there exists an H -invariant open neighbourhood U <ZV 
of L in Hq which is a union of H-compact leaves of {E,p,w). 

Proof. Proposition IIII.3.1I implies that the holonomy of L is also finite, and 
hence the conditions of Theorem IIII. 1 .61 are satisfied. 



Theorem III. 3. 3 Let G be an effective C -groupoid modeled on a Banach 
space 8, H a topological groupoid with Hq locally compact and {E,p,w) a 
principal G-H-bibundle with locally path- connected H -Hausdorff fibers. Let 
L be an H-compact leaf of {E,p, w) such that 

1. Kei dTlL is finitely generated. 
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2. Hom(Kerd7^L,R) = {0}, and 

3. the linear holonomy group of L is finite. 

Then the holonomy group of L is finite, and for any H -invariant open neigh- 
bourhood V of L in Hq there exists an H -invariant open neighbourhood U (ZV 
of L in Hq which is a union of H- compact leaves of {E,p,w). 

Proof. Since Hq is locally compact and w a local homeomorphism, the 
space E is also locally compact. Note that for the surjective homomorphism 
Hl ■■ TTi{H{L)) n{L) we have 

nLiKevdnL)=Kerdt\niL) ■ 

This implies that Kerdej'^^j^) in finitely generated and 

Hom(Kerde|^(i),R) = {0} . 

Proposition 1111 . 3A\ now yields that the holonomy of L is also finite, and hence 
we can use Theorem IIII.1.6I 

■ 

Remark. Theorem IIII.3.3I generalizes the Reeb-Thurston stability theorem 
for foliations on manifolds to the Hilsum-Skandalis maps. 

Corollary III. 3. 4 Let X be a locally compact space, G an etale C^-groupoid 
modeled on a Banach space E, and {E,p,w) a principal G-bundle over X with 
locally path- connected H aus dor ff fibers. Let L be a compact leaf of {E,p,w) 
such that 

1. Kei dTlL is finitely generated, 

2. Hom(Kerd7^L,R) = {0}, and 

3. the linear holonomy group of L is finite. 

Then the geometric holonomy group of L is finite, and for any open neigh- 
bourhood V of L there exists an open neighbourhood U C V of L which is a 
union of compact leaves of {E,p,w) with finite geometric holonomy groups. 

Proof. By Theorem III . 3 . 21 and Theorem lll.3.3l we can assume without loss of 
generality that G is effective. The corollary now follows from Theorem 1111 . 3 . 31 
and Theorem 1111.1.71 



Remark. This is the Reeb-Thurston stability theorem for Haefliger structures 
on topological spaces. 
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Proposition III. 3. 5 Let G be an etale C -groupoid of dimension one, H a 
topological groupoid and {E,p,w) a principal G-H-bibundle with locally path- 
connected fibers. Let L be a leaf of {E,p,w) such that 

Hom(7ri(/i"(L)),R) = {0} . 

Then the linear holonomy group of L has at most two elements. 

Proof. Since G is of dimension one, the linear holonomy homomorphism 
dTii of L maps vri (i?(L)) into a group isomorphic to the multiplicative group 
R* = R \ {0}. Hence we can form the homomorphism 

logldHil :7ri(//(L)) ^R, 

which must be trivial by assumption. Therefore the image of dTLi has at most 
two elements. 



Corollary III. 3. 6 Let X be a locally compact space, G an etale C -groupoid 
of dimension one, and {E,p, w) a principal G -bundle over X with locally path- 
connected Hausdorff fibers. Let L be a compact leaf of {E,p,w) such that 

1. E is transversely orientable around L, 

2. ■Ki{H{L)) is finitely generated, and 

3. Hom(^i(//(L)),R) = {0}. 

Then the geometric holonomy group of L is trivial, and for any open neigh- 
bourhood V of L there exists an open neighbourhood U C V of L which is a 
union of compact leaves of {E,p,w). Moreover, if L' is a leaf of {E,p,w) with 
L' C U , the geometric holonomy group of V is either trivial or isomorphic to 
Z/2Z. 

Proof. By Proposition IIII.3.5| the linear holonomy group of L has at most 
two elements, but because of the transversal orientability around L it is in fact 
trivial. Now apply Corollary IIII.3.4I Finally, observe that if the geometric 
holonomy group of a leaf of E is finite then it has at most two elements. Thus 
the assumption (1) implies that the geometric holonomy group of L is trivial. 



Remark. Note that if X is Hausdorff, the assumption that the fibers of E 
are Hausdorff in Corollarv ini.3.4l and in Corollarv ini.3.6l is superfluous. 



Chapter IV 

Equivariant Foliations 



As an application of the results of ChapterslTTIand lTTTl we study in this Chapter 
the C^-principal r^i-G(M)-bibundle associated to a G-equivariant foliation 
on a C^-manifold M (Example 111.1.81 (3)). We give a geometric interpretation 
for the holonomy of this bibundle, and show that the stability theorems take 
a much simpler form in this case. Finally, we give some examples of concrete 
equivariant foliations. 

IV. 1 Equivariant Holonomy 

Let M be a C^-manifold of dimension n and u : M x G ^ M a right en- 
action of a discrete group G on M. Let he a. foliation of codimension q on 
M which is invariant under the action of G, see Example IIL1.8I (3). For any 
g (z G denote by g the C^-diffeomorphism v{-,g) : M — > M. As usual, we 
will write ^{x, g) = x ■ g. 

Let L be a leaf of JT. The isotropy group Gl of L is the subgroup of G 

GL = {geG\L-gcL} . 

Note that L ■ g C L implies L ■ g = L. The action of G clearly restricts to a 
C^-action of Gl on L, where L has the leaf topology. The immersion of L into 
M induces a continuous injection of the orbit space L/Gl into the orbit space 
M/G. As a set, we may identify L/Gl with the corresponding subset of M/G. 
However, the topology of L/Gl is in general finer than the one inherited from 
the space M/G. 
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Let L' be another leaf of J^. If there exists g G such that L- g = L', then 
clearly Gl' = g~^GLg, and the C^-diffeomorphism 

g\L:L^ L' 

induces the identity homeomorphisms between the orbit spaces L/Gl and 
L'/Gl'. On the other hand, if L • G n L' = then L/Gl n L'/Gl' = 0. Thus 
J- induces a partition of the orbit space M/G. 

If the action of G on M is properly discontinuous, the orbit space M/G is 
a G^-manifold and the induced partition is the induced G^-foliation T/G on 
M/G. In general, the induced partition of M/G may be seen as a generalized 
foliation on M/G. 

Let L be a leaf of J- and xq E L. We will denote by '7rp(L, xq) the group 
of pairs 

vrf (L,xo) = { (5,0 15 G G, ? G 7ri(L)(xo,2;o • g) } 
with multiplication given by 

(5',?') (5,?) = {9'9,g*W)'^) ■ 

We will call this group the equivariant fundamental group of L. Recall from 
Proposition II. 4. 31 that the equivariant fundamental group of L is isomorphic 
to the fundamental group tti{Gl{L),xq) of the etale G^-groupoid Gl{L) as- 
sociated to the action of Gl on L, and that there is a short exact sequence 

1 — ^ vri(L,:ro) ^ vrf(L,xo) ^ Gz. — 1 (IV-l) 

of homomorphisms of groups, where inci(?) = (1,?) and pri^{g,<;) = g. 

Note that if Xq is another point of L, then a path in L between xq and 
Xq induces an isomorphism 7rf{L,xo) — vr^(L,Xg). More precisely, if r is 
a homotopy class (with fixed end-points) of a path from xq to x'q, then the 
isomorphism 

:7rf(L,x[,) ^7rf(L,xo) 

is given by 

Therefore we will write vrf (L) for the isomorphism class of the equivariant 
fundamental group of L. Note that if G^ acts properly discontinuously on 
L, then the covering projection L —>■ L/Gl induces an isomorphism vrf (L) = 
tti{L/Gl). 

Definition IV. 1.1 Let M he a G^ -manifold of dimension n equipped with a 
right C^ -action of a discrete group G, and let T he a G-equivariant foliation of 
codimension q on M . Let L he a leaf of J- and let T : R'^ M he a transversal 
section of J- with r(0) G L. The equivariant holonomy homomorphism of L 
with respect to the transversal section T is the homomorphism 

Hol^ : 7rf (L,T(0)) — > Diffo(R'') 
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given by 

Hol^ (5, =Hol3o t,t(?) 
for any (5, <j) € vrf (L, T(0)). 

Remark. First observe that the equivariant holonomy homomorphism is 
well-defined. In particular, the composition ^oT is a transversal section with 
(^oT)(0) = r(0) • g. Note that the restriction of Hol^ to the fundamen- 
tal group 7ri(L,T(0)) is the usual holonomy homomorphism Holy of L with 
respect to T, i.e. 

Holrp o inc L = HoIt . 

Let T' be another transversal section with r'(0) € L, and choose a homotopy 
class (with fixed end-points) r of a path in L from r(0) to r'(0). Now we 
have 

Ro\^,{g,q) = Holgo T',T'(?) 

= Ho1t',t(t) o Hol^(r*(5, ?)) o RolT',T{r)~^ 

for any (5,?) € tt'^{L,T'{0)). In other words, the homomorphisms Hol^/ and 
Holy oT^ differ by the conjugation by IIo1t',t(''") in Diffo(R'')) i-e- we have a 
canonical isomorphism Hol^/ = Hol^ ot^. Therefore we will write 

Rolf : nfiL) — > Diffo(R^) 

for the isomorphism class of the equivariant holonomy homomorphism of L. 
The group Ro\f{Trf{L)) is called the equivariant holonomy group of L. 
Intuitively, for any g G Gl the germ 

Hoi? (5,?) 

is the transversal part of the diffeomorphism g around L, but determined up 
to the choice of a homotopy class ? of a path from T(0) to T(0) ■ g in L. In 
fact, it is only the holonomy class of ? which matters. 

The geometric picture is particularly clear if the group Gl has a fixed point 
in L, so we can choose T so that T(0) is that fixed point. In this case there is 
a splitting 

s:GL^7rf(L,r(0)) 

of the sequence pV.l|) given by s{g) = {g, 1), and 7rp(L,T(0)) is a semi-direct 
product of Gl and 7ri(L,r(0)). In particular, the transversal part of g may 
be seen as the germ Rolj'{s{g)). 

In general, since iti{L, T{0)) is a normal subg roup of vrf (L,r(0)), it follows 
that the holonomy group HolT(7ri(L, T(0))) of L is a normal subgroup of the 
equivariant holonomy group Hol?(7rf (L,T(0))) of L. The quotient 

Hol?(^f(L,r(0)))/HolT(7ri(L,r(0))) 
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is thus the contribution of the action of G to the equivariant holonomy of L. 

We say that the foUation is equivariantly transversely orientable around 
a leaf L of if all the germs in Hol^(7rp(L)) preserve the orientation of 
R^, i.e. if the equivariant holonomy homomorphism Hol^ actually maps the 
equivariant holonomy group of L into the group Diff^(R^). In particular, 
if T is equivariantly transversely orientable around L, then is transversely 
orientable around L. Moreover, note that if J-" is transversely orientable around 
L and g G Gl, then all the germs in Hol^(pr^^((7)) either preserve or invert 
the orientation of R^. 

Let L be a leaf of T. Define the group 

G{ = prL{KevRol1)cGL. 

Observe that this group does not depend on the choice of a transversal section 
through the leaf L. An element g E Gl belongs to g\^ if and only if there 
exists a homotopy class ^ of a path in L from a point x to x ■ g such that 

Holf (5,0 = 1- 

With X fixed, the class ? is determined uniquely up to holonomy. According to 
the previous remark, G\^ may be regarded as the subgroup of those elements 
of Gl which act transversely trivially around L. 

The important fact about the group is that it canonically acts on the 
holonomy covering space of the leaf L, i.e. on a covering space of L which 
corresponds to the kernel of the holonomy homomorphism of L. Explicitly, if 

is the holonomy covering projection, we define for any g G G'^j^ and e E L'^ 

e-g = , 

where cr is a path in L such that a{0) = C(e), cr(l) = cr(0) • g and 

Holf(5, H) = l, 

and where a is the unique lift of a in L" with a{0) = e. Here [a] denotes the 
homotopy class of the path a. Since such a path is uniquely determined up to 
holonomy, the definition makes sense. It gives a right G^-action of G^ on L" 
such that is equivariant. Hence ^ induces a continuous map 

C : Li/G{ L/Gl . 

We say that the action of G is leafwise separated if the orbit space L^/G^ is 
Hausdorff , for any leaf L of J-. 
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Example IV. 1.2 Let M and N be finite-dimensional C^-manifolds (not nec- 
essarily Hausdorff), and let p : M — > iV be a C^-submersion. The submersion 
p induces a foliation on M. The leaves of J- are the connected components 
of the fibers of p. 

Assume that M is equipped with a C^-action of a discrete group G such 
that 

p{x ■ g) = p{x) 

for any x € M and g (z G. The foliation is clearly invariant under this 
action. Such an equivariant foliation will be referred to as simple equivariant 
foliation. If L is a leaf of JF, it is clear that both the holonomy group and also 
the equivariant holonomy group of L are trivial. Thus ^ L and G{ = Gl- 
In particular, the action of G is leafwise separated if and only if the orbit 
spaces of the leaves of J- are Hausdorff. 

Denote by r : M ^ M/G the quotient projection. The submersion p 
induces a continuous map p/G : M/G — > N such that 

p = p/G or . 

Let y € p{M). The restriction 

T\,-r(^yy.p-\y)^{p/Gr\y) 

is an open surjection. Since p is a submersion, the fiber p~^{y) is locally 
connected, and hence so is the fiber {p/G)~^{y). This implies that if L is a 
leaf of J- then r(L) is a connected component of the corresponding fiber of 
p/G. Moreover, the restriction r|/, : L r{L) is open, hence 

r(L) ^ L/Gl . 

In other words, the orbit spaces of the leaves of T are isomorphic with the 
connected components of the fibers of p/G. 

Now let {(pi : Ui R"""^ x R'^)i6/ be the maximal atlas for JF. If i G / 
and g € G, denote hy i • g the element of / such that 

as in Example III. 1.81 (3). Also denote Sj = pr20ipi, and let c = (c^) be 
the r^i-cocycle on (Ui) corresponding to the family of submersions (sj) (see 
Section 10. Let (i;(c) ,p,w) be the principal F^i-bundle over M associated 
to this cocycle. Write E = S(c). An element of E is of the form [7, 
where 7 G i ^ I and x G Ui with domj = Si{x). The map p : E ^ R'^ 
is a submersion. In particular, the fibers of p, i.e. the fibers if E, are locally 
path-connected. 

Recall from Example III. 1.81 f3) that G acts on E by 



[7, x,i] ■ g = ['y,x ■ g,i ■ g] 
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This action induces an action of the etale groupoid G{M) on and E be- 
comes a C^-principal r^i-G(M)-bibundle. We shall now investigate the cor- 
respondence between the equivariant holonomy groups of leaves of J- and the 
holonomy groups of leaves of the r^i-G'(M)-bibundle E. 

First note that since p is a submersion, it defines a foliation JF^ on E. 
Clearly we have 

V{e- g) =p{e) 

for any e € E and g £ G, i.e. J-'^ is a simple G-equivariant foliation on E 
(Example lEIIS). Since the underlying principal F^i -bundle of E is just the 
one which represents the foliation the map w maps the leaves of JF^ onto 
the leaves of J^. Moreover, the map w restricted to a leaf of JF^ is the holonomy 
covering projection onto the image leaf of J-. Thus we proved: 

Proposition IV. 1.3 Let M be a -manifold of dimension n equipped with 
a -action of a discrete group G, and let T he a G -equivariant foliation 
of dimension q on M. There exists a G^ -manifold equipped with a G^- 
action of G, a simple G- equivariant foliation on given by a submersion 
p : M"^ — > R^, and a G- equivariant local G^ -diffeomorphism w : M 
which maps the leaves of J-^ onto the leaves of T as the holonomy covering 
projection. 

Let y € R''. A G(M)-connected component of the fiber Ey is of course a 
minimal G- invariant union of leaves of . Since the map w is G-equivariant, 
a leaf of the r^i-G(M)-bibundle is a minimal G-invariant union of leaves 
of T ^ equipped with the action of G. Each leaf of T is open and embedded 
in the corresponding leaf of E. Therefore a leaf of E is exactly the disjoint 
union of those leaves of J- which have the same orbit space in M/G. Observe 
that the leaves of the associated transitive F^i -bundle over M/G = \G{M)\ 
are exactly the orbit spaces of leaves of J- in M/ G. 

Choose xo G M and i € / such that xq G Ui and ^Pi{xQ) = 0. In particular, 
we have Sj(xo) = 0. We can assume without loss of generality that ipi is 
surjective. Let T : R'' ^ M be the transversal section of T given by 

r(y) = ^ri(0,y) . 

Choose e € E such that w{e) = xq. Hence 

e = [7,xo,^] 

for a unique 7 G ^qi- Let be the leaf of J-^ with e ^ LK Hence L" • G 
is the corresponding G(M)-connected component of the fiber £'p(e). Let L be 
the leaf of J- with xq € L. The restriction 

C = wy:L^^L 
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is the holonomy covering projection. Denote by L • G the leaf of E correspond- 
ing to ■ G. Observe that 

7ri(G(M)(L • G),xo) ^ tti{Gl{L),xo) ^ Trf (L,xo) • 

Denote this isomorphism by ^ : 7rf{L,xo) — s- vri (G(M)(L • G),xo). We will 
show that for any (ff, G vrf (L, xq) we have 

We($(5,?)) =7°Hol^(g,0o7"' • 

In other words, the equivariant holonomy homomorphism of L and the holo- 
nomy homomorphism of the corresponding leaf of E differ by the conjugation 
by 7. 

Let (g,?) G 7rp(-L, xo), and let cj be a path in L from xq to xq ■ g which 
represents Let a be the lift of a along ( such that o"(0) = e. Observe that 

(5or)(y) = (^-;(0,y). 

This and the definition of holonomy imply that 

(t(1) = ['yoRolgoT,T{<i)'^,xo-g,i-g] 
= ['yollol^{g,q)-^,xo,i] ■ g . 

Therefore 

(7 o Hol^(5, 07-1). a{l) ■g-^ = e. (IV.2) 
On the other hand, the element ^{g, <;) is the homotopy class of the G{M)-\oop 

w{xo) ■ {xo,g) ■ a G Q{G{M){L ■ G),xq) , 

where w{xo) denotes the constant path with the image point xq- The lift of 
this G(M)-loop is clearly the G(M)-path in E 

• g'^) ■ {xo,g) ■ d- , 

hence a{l) ■ g~^ is the end-point of this lift. Together with the equation (|IV.2|) 
this implies 

He([ti7(xo) • {xo,g) • a-]) = 7oHol^(5r,0o7"^ . 

Since another choice of e and T gives isomorphic holonomy homomorphisms, 
we can conclude that 

WLo$ = Holf . 
Observe that the equation ()IV.2I) implies that 

G]^ = Gj^i . 
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Indeed, if g G G\^, there exists a path a in L from xq to xq ■ g such that 
Holy (5, M) = 1- Therefore by the equation ^V\n\ we have e ■ g G L^, hence 
g E G]^t ■ Conversely, if 5 G G^ytt > there exists a path it in from e to e ■ g, 
and thus the equation (|IV.2|) gives 

(7oHol^(<7,[C°'^])°7"')-e = e. 

Since E is principal, this implies that Holy ((7, [CoO']) = 1, and hence g G G^. 

The equation HIV.2|) also shows that the action of G^tt on is precisely 
the canonical action of G^^ = G^t on the holonomy covering space of L. 

IV. 2 Equivariant Stability Theorems 

As an application of the stability theorems of Chapter IIIH we shall give in this 
Section the equivariant version of the Reeb-Thurston stability theorem. We 
start with a theorem for the special case of a simple equivariant foliation. 

Theorem IV. 2.1 Let M be a C^ -manifold of dimension n equipped with a 
C^ -action of a discrete group G. Let J- be a simple G- equivariant foliation on 
M given by a submersion p : M ^ N, where N is a C^ -manifold. Assume that 
the orbit space of any leaf of T is Hausdorff. If L is a leaf of T with compact 
orbit space, then for any G-invariant open neighbourhood of L there exists a 
smaller G-invariant open neighbourhood of L which is a union of leaves of T 
with compact orbit spaces. 

Proof. We can assume without loss of generality that N = Y{? . Let L be a 
leaf with compact orbit space and V an open G-invariant neighbourhood of L. 
Denote by r : M ^ M/G the quotient projection and hj p/G : M/G — > 
the map induced by p as in Example lEOl 

We know from Example IIV.1.21 that the fibers of p/G are locally path- 
connected, and that the connected components of the fibers oi p/G are exactly 
the orbit spaces of leaves of J^. In particular, the connected components of 
the fibers of p/G are Hausdorff. 

Now r(V) is an open neighbourhood of the compact connected component 
L/Gl of p/G. Hence we can apply Corollarv IIII.1.4I to find an open neigh- 
bourhood W C r{V) of L/Gl in M/G which is a union of compact leaves of 
p/G. Now we take 

U = r-^{W) . 

Since V is G-invariant, we have U C V. Clearly U is an open G-invariant 
neighbourhood of L which is a union of leaves of T. If L' is a leaf of with 
L' C U, then 

r(L') = L'/Gl' C W , 
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therefore the orbit space of L' is compact. 



Remark. The condition that the action is leafwise separated is a necessary 
one. Indeed, take for example G = 1 and define M to be the (non-Hausdorff) 
C^-manifold 

M= (5^ X R)n(Rx (0,oo))/ ~ , 

where ((</>, ~ ((e*'^,x),0) if < x < e'^. Here S'^ = {z e C\\z\ = I}. 

The submersion p : M ^ R given by the second projection on both summands 
in the coproduct has connected fibres. The fiber over is diffeomorphic to S^, 
but a fiber over any x > in not compact. In other words, the classical Reeb 
stability theorem does not hold for non-Hausdorff manifolds. 

If we assume that M is Hausdorff, this does not really simplify the sit- 
uation. For example, take M = R^ \ {0} and let p be the second projec- 
tion. Define an action of Z on M along the fibers of p generated by the 
C^-diffeomorphism 

l{x,y) = (x H ,y) . 

The orbit spaces of the leaves in p~^{0) are diffeomorphic with S^, but all the 
other leaves have non-compact non-Hausdorff orbit spaces. 

Theorem IV. 2. 2 (Equivariant Reeb stability) Let J- he a foliation on a 
finite- dimensional C"^ -manifold M, invariant under a leafwise separated en- 
action of a discrete group G on M . Let L he a leaf of T such that 

(i) the orhit space of L is compact, and 

(a) the equivariant holonomy group of L is finite. 

Then for any G-saturated open neighbourhood of L there exists a smaller G- 
saturated open neighbourhood of L which is a union of leaves of T with compact 
orbit spaces. 

Proof. Consider the C^-principal r^i-G(M)-bibundle {E,p,w) associated to 
the equivariant foliation J^, as in Section IIV.II Since p is a submersion, the 
fibers of E are locally path-connected. Let J-^ be the foliation on E given by 
the submersion p. 

Let L'"^ be a leaf of J-^. We know that w{L'^) is the underlying set of a leaf 
L' of and the restriction 

C' = Mut '■ l'^ l' 

is the holonomy covering projection. Since 
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and the action of G^/tt on L'^ is precisely the canonical action of G^, = G^it 
on the holonomy covering space L'" of L', we have 

L'V4' = lVGl'^ ■ 

By the assumption that the action of G on M is leafwise separated this implies 
that the action of G on £^ is leafwise separated with respect to T^. Moreover, 
since 

|G(M)(L'«.G)| = |Gi4L'«)|=L'VG^,«, 

the leaves of the bibundle E are G(M)-Hausdorff. 

Next, we saw in Section llV.ll that the leaves of the bibundle E are just 
the minimal G-invariant (disjoint) unions of leaves of J-. In particular, if V 
is an open G-invariant neighbourhood of L, it is also a G(M)-invariant neigh- 
bourhood of the corresponding leaf of E. Moreover, a leaf of J- has compact 
orbit space if and only if the corresponding leaf of E is G(M)-compact. In 
particular, the leaf L-G of E which correspond to the leaf L is G(M)-compact. 
The holonomy group of L • G is finite since it is isomorphic to the equivariant 
holonomy group of L. Thus we can apply Theorem IIII. 1 .61 



Next theorem gives the equivariant version of the Thurston generalization 
|39j of the Reeb stability theorem for foliations of codimension one: 

Theorem IV. 2. 3 (Equivariant Reeb-Thurston stability) Let T be a fo- 
liation of codimension one on a finite- dimensional C^-manifold M, invariant 
under a leafwise separated -action of a discrete group G on M. Let L be a 
leaf of T with finitely generated equivariant fundamental group such that 

(i) the foliation T is equivariantly transversely orientable around L, 

(a) the orbit space of L is compact, and 

(Hi) the first equivariant cohomology group of L with coefficients in R is 
trivial. 

Then the equivariant holonomy group of L is trivial, and for any G-saturated 
open neighbourhood of L there exists a smaller G-saturated open neighbourhood 
of L which is a union of leaves of J- with compact orbit spaces. 

Remark. By definition, the first equivariant cohomology group /f^^(L;R) 
is the first ordinary cohomology group of the space L Xq^ EGl, where EGl 
is the universal G^-bundle p. Since 

7rf(L) ^7ri(LxG^ EGl), 
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the Hurewicz formula implies that the condition (iii) is equivalent to the con- 
dition 

Hom(7rf (L),R) = {0} . 

In particular, the exact sequence ()IV.1|) yields that if the first ordinary coho- 
mology group H^{L;'R) is trivial and Hom(Gi,R) = {0} then the condition 
(iii) is satisfied. Next note that if ni{L) and Gl are finitely generated, then 
the equivariant fundamental group vr^(L) is also finitely generated. 

Proof. As in the proof of Theorem II V. 2. 21 we consider the C^-principal T^^- 
G(M)-bibundle {E,p, w) associated to the equivariant foliation (see Section 
llV.lj) . With the description of leaves and holonomy of this bundle as in Section 
IIV.II the theorem follows from Corollarv IIII.3.61 



Example IV.2.4 (1) Let M = R^\{0} and let T be given by the submersion 
P = '■ M —fH. Take G = Z and define a properly discontinuous C^-action 
of G on M by 

{x,y)-g = {2ax,2^y) 

for any {x,y) € M and g G G (see Example II. 1.31 (5)). The foliation T is 
invariant under this action. 

All the leaves of JF have trivial fundamental group and trivial holonomy. 
Also, any leaf L o{ T with p{L) has trivial isotropy group, therefore trivial 
equivariant fundamental group and trivial equivariant holonomy group. Now 
let L be the leaf 

{ (x,0) |x > 0} 

of J-. The isotropy group of L is clearly all G, and also the equivariant 
fundamental group and the equivariant holonomy group of L are isomorphic 
to Z. 

This example shows that we can not expect a stability theorem without 
assuming that the equivariant holonomy group of a leaf with compact orbit 
space is finite. 

(2) Let M = R X where 5^ = { z € C | jz] = 1 }, and let J" be the 
foliation on M given by the submersion p = : M ^ S^. Let G = Z © Z, 
let a G R \ Q, and define a G^-action of G on M by 

{x,z) ■ {k,k') = (x + A:, e^^'^'z) 

for any (x, z) £ M and (k, k') S G. The foliation is invariant under this 
action. If L is a leaf of J^, we have 
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but the equivariant holonomy group of L is trivial. The group Gl acts prop- 
erly discontinuously on L and the orbit space of L is diffeomorphic to S^, so 
the action is leafwise separated. Thus the conditions of Theorem IIV.2.21 are 
satisfied. 

(3) Let n > 2, and denote by Mn the C^-manifold of n x n-matrices over 
R. Consider the determinant map det : Mn R- This map is a submersion 
on the open submanifold of Mn 

M = {A£ Mn I dimKer A < 1 } , 

with connected fibers. Hence the fibers of the determinant map are the leaves 
of a foliation T on M. We will denote by Lq the fiber det~^(0). We have 
M = GLn(R) U Lq, where GLn(R) is open, but not closed in M. 

Now take G to be the group S'L„(R) of matrices in A4n with determinant 
1. There is a C^-action of the group G on M given by 

A-g = g-^A AeM, geG . 

This action is along the fibers of the determinant map. In particular, 

M/G ^ GL„(R)/G U Lo/G ^ R* U Lq/G , 

where R* = R \ {0}. For any A G Lq, the kernel of A is a line in R", hence 
we have a C^-map Ker : Lq RP"~^. This map is clearly a surjective 
submersion. On the other hand, we have 

Ker(yl • g) = Kei A 

for any A G Lq and g & G, therefore Ker factors as 

/ : Lo/G RP"-i . 

Since for any A,B G Lq with Ker A = Ker B one can find a matrix g ^ G 
such that gA = B, the map / is a homeomorphism. In particular, Lq/G is 
compact. 

The orbit spaces of the leaves of J- which lie in GL„(R) are the points in 
R*, and the orbit space of Lq is homeomorphic to RP"~^. The space Lq/G 
is not open in M/G. This example satisfies the conditions of Theorem IIV. 2. II 

(4) Let be a connected C^-manifold of dimension n. A family {f\)x£A 
of C^-diffeomorphisms of N has a compact filling if there exists a compact set 
K C N such that 

\J{{f;:^o...oQ){K)\k>l, n,GZ, A,GA} = iV. 

Observe that (/a)aga has a compact filling if and only if the quotient space 
^l^{f\) compact, where G(j^) is the group of diffeomorphisms of gener- 
ated by (/a)agA- The family {fx)xeA is called separated if the space N/Gf^f^-^ 
is Hausdorff. 
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A C^-perturbation of a family {fx)xeA of C^-diffeomorphisms of is a 
family of C^-maps 

(Pa : {-e,e) x N ^ N)xeA 

such that Pl = Px{t,-) is a C^-diffeomorphism and = fx, for any A G A 
and t G {—e,e). The perturbation (Pa)agA is called separated if the family 
{PI)x&a is separated, for any t G {—e,e). 

Assume that (-PA)AgA is a separated C^-perturbation of a family {fx)x£A of 
C^-diffeomorphisms of A^ with a compact filling. We will show that Theorem 
II V. 2. II implies that there exists < 6 < e such that for any \ t\ < 6, the family 

(^a)aga 

has a compact filling. 

To see this, let M = {—e,e) x A^ and let T be the foliation of codimen- 
sion one on M given by the first projection pri. For any A, we have a C^- 
diffeomorphism ax of M, given by ax{t,x) = {t, Px(t, x)), which preserves J^. 
Let G be the group of diffeomorphisms of M generated by (aA)AGA- This 
action of G on M is leafwise separated since the perturbation is separated. 
Observe that a leaf Lt = pr^^{t) has compact orbit space for the action of G 
precisely if the family (-PA)AeA has a compact filling. 



Chapter V 



Invariants of 
Hilsum-Skandalis Maps 



In this Chapter we study some algebraic invariants of topological group- 
oids. First we use the Hilsum-Skandalis maps to introduce (higher) homotopy 
groups and singular homology groups of topological groupoids. These invari- 
ants can be described particularly easy if the groupoids are etale. However, 
our main example is the groupoid of leaves of a foliation, which is not etale 
but Morita equivalent to an etale groupoid. It is therefore our primary objec- 
tive to establish that the higher homotopy groups and the singular homology 
groups are invariant under Morita equivalence. 

In Section FlI. II we proved that the Morita equivalent groupoids are exactly 
the isomorphic groupoids in the category of Hilsum-Skandalis maps. Thus 
the invariance under Morita equivalence is guaranteed if we define the higher 
homotopy groups and singular homology groups as functors on this category. 
Moreover, the definition of these algebraic invariants is formally the same as 
the classical definitions for topological spaces, provided that we replace the 
category of topological spaces with that of Hilsum-Skandalis maps. 

If G is an object-separated finite-dimensional etale C^-groupoid, the com- 
plex C^-functions on Gi with the convolution product form the associative 
algebra C^{G) with local units, see 13 El [13 [H 01 ESI • Moreover, there 
is a natural norm on C^{G) so that the completion of C^{G) is a C*-algebra. 
In the last Section we associate to a Hilsum-Skandalis C""-map E between 
object-separated finite-dimensional etale C'-groupoids H and G an isomor- 
phism class of a C^(G)-C^ (iJ)-bimodule C^{E). We show that this gives a 
functor from the category of Hilsum-Skandalis C^'-maps between separated 
finite-dimensional etale C-groupoids to the category of isomorphism classes 
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of locally unital bimodules over algebras with local units. This implies, for 
example, that the algebras associated to C-Morita equivalent separated finite- 
dimensional etale C-groupoids have isomorphic cyclic homology groups pi llOl 

V.l Homotopy Groups of Topological Groupoids 

In this Section we present a possible definition of higher homotopy groups 
of topological groupoids. However, before we give the definition, we have to 
study how the principal bibundles can be amalgamated. 

V.1.1 Amalgamations of Principal Bibundles 

Let G and H be topological groupoids, and let {E,p,w) be a principal G-H- 
bibundle. If U is an iJ-invariant subset of Hq, then we have the full open 
subgroupoid H\u of H with {H\i})q = U, which is naturally isomorphic to 
H{U). Denote by i : H\u H the embedding. Define 

E\u = w-\U) . 

Since all the structure maps of E restrict to E\u, it is clear that E\u is a 
principal G-iJ |(/-bibundle, naturally isomorphic to E^{i). The bibundle E\ij 
is called the restriction of E to H\u. With this, we get a notion of restriction 
of a Hilsum-Skandalis map. Observe that if p : X — > y is a continuous map 
and U C X, then {p\u) = {p)\u- 

Assume now that {Ui)i^i is a cover of -H"o) consisting of ii"-invariant subsets 
of Hq, which is either 

(i) open, or 

(ii) closed and locally finite. 

Further assume that we have a family {Ei)i^i, where each Ei = {Ei,pi,Wi) is 
a principal G--H"|(7. -bibundle. We would like to amalgamate these bibundles 
into a single principal G-iJ-bibundle, just like this can be done for continuous 
maps on topological spaces. Of course, we should assume that the bibundles 
match on the intersections Ui Uj. In our context, this means that we should 
give a family of equivariant homeomorphisms 

{aij : Ej\u^r\Uj — > Ei\uinUj)i,jei 

(more precisely, the map aij is G-iJjc/^nc/j -equivariant) which satisfy the co- 
cycle condition 

aij{ajk{e)) = aik{e) 
for any e G Eklu^nu^nUf In particular, an = idE,- 
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With this, we define a principal G-i/-bibundle {E,p,w) as follows: The 
space E is the quotient of 

Y[Ei = {{e,i)\ieI,eeEi} 
iei 

by identifying (e,j) with {aij{e),i), for any and e G Ej\u^nUj- Denote 

by [e, i] E the equivalence class of an clement (e, i) € Uie/ The quotient 
projection Ujgj Ei E is injective on the closed-open subsets Ei x {i} of 
]J^gj In fact, observe that the canonical map 

ti ■ Ei ^ E , 

given by ti{e) = [e,i], is an open embedding in case (i) and closed embedding 
in case (ii). In particular, (ti{Ei))i^i is either an open or a closed locally finite 
cover of E. 

Now we define the structure maps of E by p{[e, ^]) = Pi{e) and w{[e, i]) = 
Wi{e). Obviously this is well-defined, and since poti = pi and w oti = Wi, the 
maps p and w are continuous. Next, observe that w is an open surjection, 
since u)|j.(^.) : ti{Ei) — > Ui is an open surjection for any i £ I. Similarly we 
define the actions of G and H by amalgamating the actions on ti{Ei) = E^, 
i.e. g ■ [e,i] = [g • e,i] and [e,i] ■ h = [e ■ h,i]. Again, these two actions are 
continuous since they are just the actions on Ei when restricted to ti(Ei) = Ei. 
It is easy to check that E is indeed a principal G-iJ-bibundle. 

The principal G-if-bibundle E is called the amalgamation of {Ei) with 
respect to (ajj). We will denote this bibundle by 

T,{Ei,aij) . 

Observe that for each i & I we have the natural G-//|[/.-equi variant homeo- 
morphism 

ti : Ei — > 'E{Ei,aij)\ui ■ 
Moreover, for any e G Ej\u^r^u. we have 

tj{e) =ti{aij{e)) . 



Example V.1.1 (1) Let G be an etale groupoid, X a topological space with 
an open cover U = {Ui)i^i and c = (cjj) a G-cocycle on U. For any i & I we 
have the map 

Si = dom ocii -.Ui^ Go , 
which gives a principal G-bundle 



{si) = GiXQ^ Ui 
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over Ui. Moreover, for any i,j G I we have the equivariant map aij : 

{sj)\u,nu, {si)\u,nUj given by 

aij{g,x) = {goCji{x),x) . 

Since c is a cocycle, it fohows that aij{ajk{g,x)) = aik{g,x), thus we can 
construct the principal G-bundle S((sj),ajj). But observe that there is a 
natural equivariant homeomorphism 

E((s,),ay) = S(c) , 

where 11(c) is the principal G-bundle associated to the cocycle c. Thus the 
construction of S(c) in Section lOl is in fact a special case of amalgamation of 
principal bibundles. 

(2) Let G be an etale groupoid and X a topological space. If W = (VFi)jg/ 
is a closed locally finite cover of X, we can define a G-cocycle on W in exactly 
the same way as a G-cocycle on an open cover, i.e. as a family of continuous 
maps 

c={cij:W,nWj ^Gi) 

which satisfy the usual conditions, see Section lOl We say that c is constant 
(with the value a € Gq) if Cy(x) = la for any x € Wi H Wj. We can also 
define the families which intertwine G-cocycles on W, and hence obtain the 
set H^{W, G) of cohomology classes of G-cocycles on W. Finally, we can take 
the filtered colimit 

HliiX,G) = lim H\W,G) 
w 

with respect to the partially ordered set of closed locally finite covers of X. 
We call the elements of H^i{X, G) the closed Haefliger G -structures on X. 

If c is a G-cocycle on a closed locally finite cover of X, we take Si and aij 
to be defined in the same way as in (1), and we obtain a principal G-bundle 

E(c) = E(sj,ajj) . 

It is easy to verify that if c' is another G-cocycle on a closed locally finite 
cover of X which represents the same closed Haefiiger G-structure on X as c, 
then S(c) and 5](c') are isomorphic. 

In fact, if X is paracompact, S induces a bijective correspondence between 
the closed Haefliger G-structures on X and the isomorphism classes of prin- 
cipal G-bundles over X. In particular we have H^{X,G) = H^i{X,G). The 
proof is analogous to the proof of Proposition II.3.11 If X is compact, a closed 
Haefliger G-structure on X can be represented by a G-cocycle deflned on a 
closed flnite cover of X. 
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V.l. 2 Definition of Homotopy Groups 

A marked topological groupoid is a pair {G,A), where G is a topological 
groupoid and A is a subset of Gq. If (H, B) is another marked topological 
groupoid, a marked principal (G, A)-{H , B)-bibundle is a pair (E,s), where 
E = (E,p,w) is a principal G-iJ-bibundle and s : B ^ E is a continuous 
section of w such that 

p{s{B)) c A . 

The section .s is called the trivialization of E over B. 

If {E,s) and {E',s') are two marked principal (G, _B)-bibundles, 
a continuous map a : E E' is called (G, 74)-(i3", iJ)-equivariant if it is 
G-i?-equivariant (and hence a homeomorphism) and 

ao s = s' . 

If such a map exists, the marked bibundles {E, s) and (E', s') are called iso- 
morphic. An isomorphism class of marked principal (G, A)-{H, f?)-bibundles 
is called a marked Hilsum-Skandalis map from {H,B) to {G,A). As for the 
principal bibundles, we will denote an isomorphism class of a marked principal 
bibundle {E,s) again by {E,s). 

Let {K,C) be another marked topological groupoid, let {{E,p,w),s) be a 
marked principal (G, A)-{H, iJ)-bibundle, and let {(E' ,p', w'), s') be a marked 
principal (if, B)-{K, G)-bibundle. Then we define 

s(gis' :C — > E(giE' 

by (s(g)s')(c) = s{p'{s'{c)))(S)s'{c), for any c G C. It is clear that {E®E' , s®s') 
is a marked principal (G, A)-{K, C)-bibundle, which we will call the tensor 
product of marked principal bibundles (£^, s) and {E' , s'), and denote by 

{E, s) ® {E', s') . 

With this tensor product, the marked Hilsum-Skandalis maps between marked 
topological groupoids form a category, which will be denoted by AdQpd. For 
example, the identity in AiQpd{{G, A), (G, A)) is the isomorphism class of the 
marked principal (G, A)-(G, yl)-bibundle 

((Gi, cod, dom), uni \a) ■ 

The full subcategory of A^iQpd with objects all marked etale groupoids will 
be denoted by MQpd^. 

A pointed topological groupoid is a marked topological groupoid (G, A) such 
that A is a one-point set, i.e. A = {a}. We will write in this case (G,a) = 
(G, {a}). If {H,b) is another pointed topological groupoid and {{E,p,w), s) 
a marked principal (G, a)-{H, 6)-bibundle, the section s is determined by the 
point e = s{b) such that p{e) = a. We shall thus denote iE,s) = {E,e) and 
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call {E,e) a pointed principal {G,a)-{H,b)-bibundle. An isomorphism class 
of pointed principal bibundles is called a pointed Hilsum-Skandalis map. The 
full subcategory of A^Qpd with objects all pointed topological groupoids will 
be denoted by 

VQpd, 

and the full subcategory of MQpd^ with objects all pointed etale topological 
groupoids will be denoted by T'Qpd^. Observe that the category of pointed 
topological spaces PTop is a full subcategory of T'Qpd^. 

Example V.1.2 (1) A marked topological space is a pair (X, B) with B C X, 
i.e. a topological pair. Also, a marked Hilsum-Skandalis map between two 
marked topological spaces is clearly just a continuous map between topolog- 
ical pairs. Hence the category of topological pairs is a full subcategory of 
AdQpd^. If {X,B) is a marked topological space and {G,A) a marked topo- 
logical groupoid, a marked principal {G, A)-{X, B)-hihundle will be referred 
to as marked principal (G, ^)-bundle over {X,B). 

(2) Let G be a topological groupoid. Then ((G)) = (G, Go) is a marked 
topological groupoid. Moreover, if : ii" ^ G is a continuous functor between 
topological groupoids, the principal G-iJ-bibundle (</)) is canonically marked 
by {unio(j)Q,id^^) : Hq {(p), so 

((</>)) = {{(p),{unic,(l)Q,idfjJ) 

is a marked principal (G, Go)-(-ff, i?o)-bibundle. This gives a functor 

((-)) : Gpd ^MQpd. 

This functor is full and faithful. Indeed, Proposition III. 1. "HI implies that ((-)) 
is full. On the other hand, if 0, -0 : iJ" — > G are continuous functors such that 
there is a (G, Go)-(-ff, -ffo)-6quivariant homeomorphism 

a : m) m) , 

this clearly implies (j)Q = ipQ, and for any h G Hi we have 

{ip{h), dom h) = a{l^^^(^codh)i cod h) ■ h = a{(f){h), dom h) 

= (t){h) ■ a{l^g(^domh), domh) = {(l){h), domh) , 

hence (p = ip. Thus ((-)) is faithful. 

Observe that if {E, s) and {E' , s') are isomorphic marked principal (G, Gq)- 
{H, i3"o)-bibundles, then there exists a unique isomorphism between them. 

(3) Observe that Qpd is also a full subcategory of MQpd if we identify a 
topological groupoid G with the marked topological groupoid (G,0), and a 
principal bibundle E with the marked principal bibundle {E, 0). 
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(4) Let {E, s) be a marked principal (G, A)-{H, i?)-bibundle, and let U be 
an iJ-invariant subset of Hq. Define {H,B)\u = {H\u,B n U), and let 

iE,s)\u = {E\u,s\Bnu) ■ 

This is clearly a marked principal (G, A)-{H, S)|[/-bibundle, which we call the 
restriction of {E, s) on {H, B)\u- This gives a notion of restriction of marked 
Hilsum-Skandalis maps. 

Let {G, a) be a pointed topological groupoid, and let n > 0. Denote by 
I" = [0, 1]"^ the n-cube and by 91" its boundary. In particular, 1° is a one-point 
space and dl^ = 0. Now put 

e„(G, a) = MOpdUr, or), (G, a)) . 

The elements of ©„(G, a) will be called the Hilsum-Skandalis n-loops in (G, a). 

For any t G I, denote by It : I" ^ I" x I the continuous map given by 
lt{x) = {x,t). Note that k G M6^d((I", (I" x 1, 91" x I)). A marked 
Hilsum-Skandalis map 

^ G Mgpd{{r X I, or x i), (g, a)) 

is called the homotopy between the Hilsum-Skandalis n-loops Sj^Iq and Sj^h 
in (G,a). We will denote S)t = ^®hi for any t G I. Two Hilsum-Skandalis 
ra-loops in (G, a) are homotopic if there exists a homotopy between them. 

Lemma V.l. 3 Let {G,a) be a pointed topological groupoid. Then the homo- 
topy is an equivalence relation on a). 

Proof. Assume that S) and Sj' are homotopies such that S}i = ^q. We shall 

define a homotopy between Sjq and as follows: Represent respectively 
i^' by marked principal bibundles {E,s) respectively {E',s'). Define v : 1^ x 
[0,1/2] — >P x I by 

v{x, t) = {x, 2t) , 
and v' -.r X [1/2, 1] — ^ F x I by 

v'{x,t) = {x,2t - 1) . 

Now observe that the composition {E, s) (8) t; is a marked principal {G, a)- 
bundle over (P x [0, 1/2], 91" x [0, 1/2]), and (£", s') is a marked principal 
G-bundle over (I" x [1/2, 1], 91" x [1/2,1]). Moreover, since i^i = % there 
exists an equivariant homeomorphism of marked principal (G, a)-bundles over 
(F X {1/2}, 9F X {1/2}) 

a : {E, s) ® i;|r ^{1/2} {E', s') t^'lp^^i/s} • 
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The bundles E (S) v and E' ® v' thus amalgamate with respect to a into a 
single principal G-bundle E" over I" x I, as we described in Subsection IV. 1.11 
Moreover, since a is a homeomorphism of marked bundles, it is easy to see 
that using s and s' one can define s" : 91" x I ^ E" , such that {E",s") is 
a marked principal (G, a)-bibundle over (I*^ x 1, 01" x I) which represents a 
homotopy between ^-nd 9)'^. This proves the transitivity, and the rest is 
trivial. 



Assume now that n > 1, and let {E,s) and {E',s') be marked principal 
(G, a)-bundles over (I", 91"). We shall now define a marked principal (G,o)- 
bundle 

{E*E',s*s') 

over (I", 91"), called the concatenation of (E, s) and s'), as follows: Define 
n : [1/2,1] X I"-i ^ r by u(t,x) = (2f - l,x) and n' : [0,1/2] x 1"-^ ^ I" 
by u'{t,x) = {2t,x). Observe that {E,s) (8) u is a marked principal (G,o)- 
bundle over ([1/2, 1] x I"-\9([l/2, 1] x I""^)), and {E',s') (g) is a marked 
principal (G, a)-bundle over ([0, 1/2] x I"" \ 9([0, 1/2] xl"-^)). Moreover, there 
is exactly one equivariant homeomorphism of marked principal bibundles 

a : (E, s) ® H|{i/2}xr-^ ^ ^ ^'i{i/2}xr-^ ' 

since {1/2} x = a([0, 1/2] x p-^) n 9([l/2, 1] x P'^), see Example IVT21 
(2). Thus we can amalgamate the bundles {E,s) ® u and {E',s') <8> u' with 
respect to a. We take E * E' to be the amalgamation. Using s and s' we can 
define a section s * s' : 91" —fE*E' such that [E * E' ,s * s') is a marked 
principal (G, a)-bibundle over (P,9P). 

The concatenation of principal (G, a)-bundles over (I", 91") gives a notion 
of concatenation of Hilsum-Skandalis n-loops in (G,a). Indeed, if {E,s) = 
si) and {E' , s') = {E[, s'l), then these two isomorphisms amalgamate into 
an isomorphism 

{E *E',s* s') ^ {El *E[,si* s[) . 

Moreover, the concatenation on 0„(G, a) induces a concatenation between the 
homotopy classes of Hilsum-Skandalis n-loops in (G,a), as one can check by 
amalgamating the homotopies. Finally, it is easy to see that with the operation 
of concatenation, the set of homotopy classes of Hilsum-Skandalis n-loops in 
(G,a) becomes a group, called the n-th homotopy group of (G,a). We will 
denote this group by 

n„(G,a) . 

For example, the unit element in n„(G, a) is the homotopy class of the marked 
principal (G, a)-bundle {{w{a)), s), where w{a) : P Go C G is the constant 
map with the image point a, and s{x) = (la, x) for any x € 91". Observe that 
we can also define no(G, a) as the set of homotopy classes of 0-loops in (G, a). 



V.l. HOMOTOPY GROUPS OF TOPOLOGICAL GROUPOIDS 



95 



Now let {E,e) G 'P9pd{{H ,b), {G,a)). We can define for any n > a 
function 

(E, e)# = A^d((I", ar), {E, e)) : e„(ff, 6) e„(G, a) , 

i.e. {E,e)^ is given by the tensor product with {E,e). The function {E,e)^ 
preserves homotopy, because one can compose a homotopy with [E, e). There- 
fore there is an induced map 

{E, e), = Jln{E, e) : n„(JT, h) n„(G, a) . 

It is straightforward to check that this is a homomorphism of groups if n > 1. 
We get a functor Eq from VQpd to the category of sets, and a functor n„ from 
'PQpd to the category of groups, for any n > 1. One can prove that n„(G, a) 
is in fact abelian if n > 2, using exactly the same argument as in the proof of 
this fact for the higher homotopy groups of topological spaces. 

Example V.l. 4 (1) Let {X,b) be a pointed topological space. In this case 
the definition of homotopy groups of {X, h) as a pointed groupoid is exactly 
the classical definition of homotopy groups for the pointed space (X, h) , hence 

n„(X,6) =7r„(X,fe) n>0. 

(2) Let G be a discrete group. As an etale groupoid, G is canonically 
pointed. A principal G-bundle over I** is a covering space, hence isomorphic 
to the product G x P. A marked principal G-bundle over (I",f)I") is thus 
isomorphic to 

(GxF,s), 

where s : dV^ — ^ G x I" is a section of the second projection. In other words, 
s may be represented by a locally constant function from dV^ to G. Now if 
n > 2 such a function has to be constant, therefore 

n„(G) = 1 n > 2 . 

Also it is clear that no(G) = 1. Finally, for n = 1, any marked principal 
G-bundle over (1,31) is isomorphic to (G x with s(0) = (1,0), hence 
uniquely characterized by y G G such that s(l) = (5, 1). Moreover, this 
element characterize the homotopy class of the bundle as well. It is then 
straightforward that 

ni(G) = G. 

v.l. 3 Elementary Properties of Homotopy Groups 

Proposition V.l. 5 Let G and H he Morita equivalent topological groupoids. 
Then for any b G Hq there exists a G Go such that 



nn{H,b)^Un{G,a) n>0 
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In particular, if (j) : H ^ G is an essential equivalence, then 
m, ilMb)^b)), : Un{H, b) n„(G, Ub)) 
is an isomorphism. 

Proof. Choose h E Hq. By Corollary III. 1.71 there exists a principal G-H- 
bibundle {E,p, w) which represents an isomorphism between H and G in Qpd. 
Let {E',p',w') be a bundle which represents the inverse of E. In particular, 
there exists an equivariant homeomorphism a : Hi E' ® E. Let a(lfe) = 
e' ® e. Put a = p{e) = w'{e'). Hence (-E,e) is a pointed principal {G,a)- 
{H, 6)-bibundle and {E' , e') is a pointed principal [H, b)-{G, a)-bibundle. We 
claim that {E,e) and (£",e') are inverse to each other in the category 'PQpd. 

To see this, observe first that {E',e') iE,e) = {Hi, a). Next, we know 
that there exists an equivariant homeomorphism (3 : E ® E' ^ Gi, hence 
{E, e) (8) {E' , e') = {Gi,g) for some g G Gi with dom g = cod g = a. But since 
{Gi,g) is clearly invertible in T'Qpd with the inverse given by {Gi,g~^), this 
yields that iGi,g) = (Gi,la) and that {E,e) is the inverse of {E',e'). The 
first part of the proposition now follows from the functoriality of n„ on the 
category VQpd. For the second part, we can take E = {(p) and e = (l^Q(fe), b). 

■ 

In Section lOl we defined the fundamental group of a topological groupoid 
H in terms of iJ-loops in Hq. We shall now prove that the fundamental 
group TTi{H, b) of H with a base-point b is isomorphic to the first homotopy 
group Ili{H,b) of the pointed groupoid {H,b) in case that ii" is a suitable 
etale groupoid. 

Theorem V.1.6 Let H be an etale groupoid such that Hq is locally path- 
connected, and let b € Hq. Then there is an isomorphism 

^:7ri{H,b) ^Ui{H,b) . 

Remark. The isomorphism <^ is natural in the sense that if G is another 
etale groupoid and (p : H ^ G is a continuous functor, then 

$o0, = (((/>), (l^^,(f,), 6), o«> . 

Proof. Define a function $ : ^}{H,b) — > &i{H,b) as follows: Let 

an ■ hn • ■ ■ ■ • hi ■ aQ 

be an element of n{H,b). Put if = ^ and let J^" : [t^i^+i] ^ I be the 
affine map with (if ) = and = 1, for < i < n. Let n = aio . 

Now for any 1 < i < n we define the equivariant homeomorphism of principal 
-ff -bundles over the point {tf} 
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by ai{h,tf) = {hoh~ With respect to (oj) we can now amalgamate the 

bundles (tj) into a principal iJ-bundle E over I. In other words, we view the 
-ff-loop an ■ hn • ■ ■ ■ • hi ■ ao as a closed i3"-cocycle on I, and we take E to be 
the bundle associated to this cocycle (see Example IV. 1.11 (2)). We can define 
s : dl ^ E hy s{0) = (1^,0) G (tq) C E and s(l) = (U, 1) e (r„) C E. 
Thus {E,s) is a marked principal (iJ , 6)-bundle over (1,91), and we take 
^(fra • hn • ■ . . • hi ■ (To) to be the isomorphic class of {E, s). 

Now it is obvious that the equivalent iJ-loops in ^}{H, b) gives homotopic 
Hilsum-Skandalis 1-loops in (H, b). Moreover, a deformation between two H- 
loops an ■ hn ■ ■ ■ ■ • hi ■ (Tq and a'n • h'n h[ ■ aQ in r2(ii", b) can be seen as 
a closed iif -cocycle on the finite cover (I x [tf,tf_^_i]) of I^. The associated 
principal iJ-bundle over (which is naturally marked) provides a homotopy 
between ^{an ■ hn - ■ ■ ■ ■ hi- ao) and ^{a!^ -h'^ - . . . - h[- ctq). Therefore $ induces 
a map 

^-.Tri{H,b) ^Ui{H,b) 

which is clearly a homomorphism of groups. We shall prove that it is an 
isomorphism. 

Let {E,s) be a Hilsum-Skandalis n-loop in {H,b). Since E = {E,p,w) is 
principal and H etale, the map is a local homeomorphism. Thus we can 
choose n > 1 and sections Sj : ^ of w, for < z < n. We can 

choose this sections so that so(0) = s(0) and s„(l) = s(l). By composing 
these sections with p, we get paths in Hq 

ai = p o Si o{Jl')~^ . 

Moreover, for any 1 < i < n there is a uniquely determined hi such that 
Sj(t") = hi ■ Si_i(t"). Now an • hn - . . ■ - hi - ao & Q,{H, b), and clearly 

$(cTn - hn ■ . ■ ■ ■ hi - ao) = {E,s) 

in Qi(H,b). This proves that ^ is surjective. 

To prove that ^ is also injective, assume that an • hn - ■ ■ ■ • hi ■ ao G Q,{H, b) 
is such that <i'(o"n ■ hn ■ ■ ■ ■ ■ hi ■ ao) represents the unit in Ili{H, b). The unit 
in Ili{H,b) may be represented by the marked principal (-ff , a)-bundle over 
(1,51) 

{dom~^{b) xl,u) , 

where u{0) = (lb,0) and n(l) = (I5, 1). Therefore there is a homotopy Sj with 
^0 = ^(cn ■ hn - ■ . ■■ hi - ao) and ^1 = {dom~^{b) xl,u). If {E' , s') is a marked 
principal (iif , 6)-bundle over (I xl,dl x I) which represents f), we can find 
k > 1 and a multiple m of n big enough so that E can be represented by an 
-ff-cocycle c = {c(^i,j){i' ,j')) defined on the finite closed cover of I x I 

([C'^i+l] ^ [tj,tj^i])o<i<m,0<j<k ■ 
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Moreover, we choose c such that its restriction on I x {0} (viewed as an H- 
loop) is equivalent to an • hn hi ■ ao, and its restriction on the rest of 

the boundary of is constant with the value b. Hence c provides a chain of 
deformations and equivalences between (T„ • /i„ • . . . • /ii • uo and the iJ-loop 

■uj{b) - lb - ■■■ - h- 'cu{b) , 

which obviously represents the unit in TTi(H,b). Here 'uj{b) denotes the con- 
stant path in Hq with the image point b. This completes the proof. 

■ 

Remark. Thus an i3"-loop in i}(H,b) can be viewed as a G-cocycle on a 
closed finite cover of I which represents a Hilsum-Skandalis 1-loop in (H,b), 
while equivalences and deformations between the elements of Q(H, b) identify 
the cocycles which represents the same homotopy class of Hilsum-Skandalis 
1-loops in (H,b). In other words, we have a description of Ili{H,b) by H- 
cocycles on closed finite covers. One can easily generalize this theorem by 
representing a Hilsum-Skandalis n-loop in (H, b) by an i?-cocycle on a closed 
finite cover of I"' which is constant (with value b) when restricted on 51", and 
by representing a homotopy by an i3"-cocycle on a closed finite cover of I"" x I 
which is constant (with value b) when restricted on cJI" x I. 

Theorem lV.l.Bl implies that Hi(i?, b) coincides with the fundamental group 
of H as described by W. T. van Est if H is effective and Hq simply- 
connected, as well as with the fundamental group of the classifying space and 
of the classifying topos of H [241 125j . In fact, the results in (22j indicate that 
the same is true for all the higher homotopy groups as well. 

Corollary V.1.7 Let (p : H ^ G be an essential equivalence between etale 
groupoids, and let b £ Hq. Then 

0, :^i(i/,6) ^7ri(G,(/>o(6)) 

is an isomorphism. 

V.2 Singular Homology of Topological Groupoids 

In this Section we introduce a homology theory of topological groupoids which 
we call the singular homology. This homology is the classical singular homol- 
ogy when restricted to the topological spaces. Moreover, the general definition 
is literally the same as the definition of the singular homology of topological 
spaces if one replace the category of topological spaces with that of Hilsum- 
Skandalis maps. Since the singular homology is a functor on the category Qpd, 
it is invariant under Morita equivalence. 

Let G be an etale groupoid. Then there is a chain homomorphism 

CO : S{Gi) S{Go) 
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between the singular chain complexes of the topological spaces Gi and Go, 
given by 

LO = cod^ — dom^ . 

We shall prove that the singular homology groups of G are exactly the homol- 
ogy groups of the cokernel of 00. Finally, we shall prove that the effect-functor 
induces isomorphisms between the singular homology groups of G and Eff (G) . 

V.2.1 Definition of Singular Homology 

For each > denote by A„ the standard n-simplex, i.e. the convex hull of 
the standard basis in R""''^. For n > 1 and < i < n, denote by di = df : 
A„_i An the affine map given on the basis by 

el:. ; It] 0<k<n-l. 

A singular n-simplex in a topological groupoid G is a Hilsum-Skandalis 
map u G Qpd{An, G). For any n > 1 and < i < ra we have the map 

d' = di = gpd{di, G) ■ 9pd{An, G) gpd{An-i,G) . 

It maps a singular n-simplex u to its i-th face d'^u = d^u = u ® di. 

The group of n- chains &n{G) in G is the free abelian group generated by 
the set of singular n-simplexes in G, 

6„(G) = Zepd(A„,G). 

We define the boundary homomorphism 

d = dn:&n{G)^&n-l{G) 

on the generators by 

n 
i=0 

Since the face maps satisfy the equation diodj = dj^iodi if i < j, we have 
= 0. Hence S(G) = (©„(G), d) is a chain complex of abelian groups. 
Let E G Gpd{H, G). The maps 

gpd{An,E) : gpd{An,H) Qpd{An,G) 

extend to a chain homomorphism 

= 6{E) : 6{H) 6(G) , 

and this gives a functor 6 from Qpd to the category of (non-negative) chain 
complexes of abelian groups. 
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Let G be a topological groupoid, A an abelian group and ra > 0. Define 
the n-th singular homology group Hn{G;A) of the topological groupoid G 
with coefficients in A to be the n-th homology group of the chain complex 
6(G)(2) A 

H„{G;A) = H„{e{G)®A) n>0. 

Further, we define the n-th singular cohomology group H'^{G;A) of the topo- 
logical groupoid G with coefficients in A to be the n-th cohomology group of 
the chain cocomplex Hom(©(G),^) = (Hom(©„(G), (5), 

i7"(G; A) = H''(Rom{&{G),A)) n > . 

Let E e gpd{H,G). Then denote 

E, = Hn{E- A) = Hn{E^ ® A) : Hn{H- A) Hn{G; A) , 

and 

E* = H'^iE-A) = iJ"(Hom(Ej,yl)) : H^'iG-A) — > H''{H;A) . 

If (f) : H ^ G is a continuous functor, we denote 0* = (0)* and </>* = {4>)*- 
Further, if f : A ^ B is a homomorphism of abelian groups, write 

HniG; /) = i/n(6(G) ® /) : Hn{G; A) Hn{G; B) , 

and 

H^{G;f) = H^{Rom{&{G),f)) : H^{G;A) H^{G;B) . 
This gives the sequences of functors 

Hn : Qpd X Ab — ^ Ab n > 

and 

i/" : gpd"P X Ab — ^ Ab n > . 

Example V.2.1 (1) Let X be a topological space. Since the category Top 
is a full subcategory of Qpd, the chain complex &{X) is exactly the singular 
chain complex S{X) of the topological space X. The singular homology and 
cohomology groups of the etale groupoid X are thus just the singular homology 
and cohomology groups of the topological space X. 

(2) Let G be a discrete group. In paricular, G is an ctale groupoid with 
Go an one-point space. Any principal G-bundle over A„ is isomorphic to the 
trivial bundle G x A„ since A„ is simply connected. Therefore Qpd{An,G) 
has exactly one element, and 

Hr,{G;A)=H-{G;A) = !^ ! n>l 
for any abelian group A. 
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Theorem V.2.2 If G and H are Morita equivalent topological groupoids, 
then 

Hn{G;A)^Hn{H-A) 

and 

for any abelian grop A and any n > 0. 

Proof. By Corollary III.1.7I the groupoids G and H are isomorphic in Qpd. 
The theorem thus follows from the functoriality of Hn and i/". 



Proposition V.2.3 Let G be a topological groupoid. A short exact sequence 
of abelian groups 

> A > B > C > 

induces the long exact sequences 

...^Hn{G-A)^Hn{G;B)^Hn{G-C)^Hn-i{G-A) ^ ... 
and 

... — >H'\G;A) — >H''{G;B) — > H''{G;C) — >H'''+\G;A) — > ... 
Proof. This follows from the fact that &{G) is a free complex. 



Example V.2.4 Let X be a topological space equipped with a properly dis- 
continuous action of a discrete group G. In particular, 

p:X — > X/G 

is a covering projection. The groupoid G{X) is etale and Morita equivalent 
to the space X/G. Theorem IV. 2. 21 thus implies that 

Hn{G{X); A) ^ Hn{X/G- A) and H^{G{X); A) ^ H'^iX/G; A) , 

for any abelian group A and n > 0. 
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V.2.2 Singular Homology of Etale Groupoids 

In this Subsection we give a simpler description of the singular homology 

groups in the case where the groupoid is ctalc. 

Let G be an ctalc groupoid. The domain and the codomain map dom, cod : 
Gi — > Go of G induce the chain homomorphisms 

dorrif^, cod^ : S{Gi) — > <S'(Go) 

between the singular chain complexes of the topological spaces Gq and Gi. 
Put 

Lo = cod^ — dom^ . 
We denote by S{G) = {Sn{G),d) the cokernel of u, 

S{Gi) S{Go) S{G) > . 

If : — > G is a continuous functor between etale groupoids, it induces a 
chain homomorphism S{(p) : S{H) S{G), as in the following diagram: 

S{Hi) ^ S{Ho) ^ S{H) > 



S{4>q) 



Si4>) 



S{Gi) ^ S{Go) S(G) ^ 

This gives a functor S from the category Gpdg of etale groupoids and con- 
tinuous functors to the category of (non-negative) chain complexes of abelian 
groups. It extends the usual functor S defined on the full subcategory Top 
of topological spaces, i.e. the notation is justified. Note that S'(u) = e, where 
u : Go — J- G is the canonical functor. 

Let G be an etale groupoid. We define the balanced chain complex BS{G) 
of G to be the kernel of the chain homomorphism e, so we have a short exact 
sequence 

> BS{G) ^ S{Go) ^ S{G) > • (V.l) 

The chain complex BS{G) is free. For an abelian group A, the homology of 
the chain complex BS{G) A will be called the balanced homology of G with 
coefficients in A, and denoted by 

BHn{G; A) = Hn{BS{G) ® A) n > . 

Analogously we define the balanced cohomology of G with coefficients in A as 
BH''{G;A) = /i""(Hom(S5(G),^)). 

Let us describe BSn{G) explicitly. We say that two singular n-simplexes 
u,v : An — > Go are similar or G-similar if there exists a singular n-simplex 
/ : A„ — >■ Gi such that dom of = u and cod of = v. This is clearly an 
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equivalence relation, which will be denoted by <^ or ^^q- Since BS{G) is 
also the image of uj, it is clear that BSn{G) is generated by the elements 

u-v e Sn{Go) , 

where u,v Top(A„,Go) are similar. Furthermore, we have a natural iso- 
morphism 

^Z{Top(A„,Go)/^} . 

In particular, the chain complex S{G) is free and hence the short exact se- 
quence (fvmi splits. 

Observe that the singular n-simplexes in Go can be identified with the 
continuous functors in Gpd(A„,G). Let n be a singular n-simplex in Gq. 
Then (uo u) is a principal G-bundle over A„. Let v be a singular n-simplex in 
Go similar to u, and let / be a singular n-simplex in Gi such that dom o f = u 
and cod o f = v. Then there is a G-equivariant map a : (uo — > (uo n) given 
by 

a{9,x) = {g ■ f{x),x) , 

hence (u o v) and (u o u) are isomorphic. Conversely, if a : (uov) — (u o u) is 
a G-equivariant map, there is a unique singular n-simplex / in Gi such that 

fix) ■ {lu{x)ix) = a(l^(^.),x) , 

therefore u ^ v. In other words, we proved that there is natural bijective 
cor r esp ondence 

Top(A„,Go)/^^ (Gpd(A„,G)) C Gpd{An,G) . 

In this view, we will consider S{G) as a subcomplex of S(G). A singular 
n-simplex u = {E,p,w) in G is in S{G) if and only if there exists a global 
section of w. Moreover, if : ii" ^ G is a continuous functor, we have 

&{m\s(H) = s{4>)- 

Theorem V.2.5 Let G be an etale groupoid. The chain inclusion S{G) ^ 
(3(G) is a chain equivalence. In particular, Hn{G;A) = Hn{S{G) ® A) and 
H^{G;A) = H'^{]iom{S{G),A)), for any abelian group A and any n > 0. 

Proof. First note that we can apply the classical construction of the barycen- 
tric subdivision to obtain a chain map 

St) : e(G) — > e(G) 

and a chain homotopy 



D = Dn: e„(G) 



6n+l(G) 
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such that doD + Dod = 1 — si). The map sends a singular n-simplex u into 
a sum of the restrictions of u on the n-simplexes of the barycentric subdivision 
of A„, with the appropriate signs. Observe that both sO and D are natural in 
G and restrict to the subcomplex S{G). 

Let n be a singular n-simplex in G, represented by a principal G-bundle 
{E,p,w) over A„. Since w is a local homeomorphism and A„ is compact, 
there exists a finite open cover U = (Ui) of A„ with sections Si : Ui ^ E of w. 
Now we can barycentrically subdivide A„ sufficiently many times such that 
each simplex of the subdivision lies in an element of U. The restriction of E 
on such a simplex is therefore in Sn{G). This implies that for any ^ € &n{G) 
there exists j > such that 



The standard argument (see for example p^l) ^'^^ implies that the inclusion 
S{G) ^ S(G) is a chain equivalence. 



Proposition V.2.6 Let G be an etale groupoid. There are long exact se- 
quences 

...^BHn{G;A)^Hn{Go;A)^Hn{G;A)^BHn-i{G;A)^... 
and 

. . . ^ F"(G; A) ^ //"(Go; A) BH''{G; A) H'^+^G; A) ^ . . . 
Proof. This follows from Theorem IV. 2 . 5 1 and the short exact sequence (|V.1|1 . 



Proposition V.2.7 ( Mayer- Vietoris sequence) Let G be an etale group- 
oid and A an abelian group. Let U and V be open G-invariant subsets of Gq 
such that U UV = Gq. Then there are long exact sequences 

. . . ^ Hn{G\unv; A) Hn{G\u; A) © i/„(G|y; A) Hn{G- A) 
— > Hn-i{G\ur\V]A) — > . . . 



and 



_ H^(G; A) H^iG\u; A) © H^iG\v;A) H^iG\unv; A) 
H''+\G;A) — 
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Proof. We will adapt the standard proof to our case. Write 5^^'^>(Go) for 
the subcomplex of S{Go) generated by those simplexes in Go which lie in U 
or in V. Put U' = {G\u)i and V = {G\v)i, and denote by S^^'^'^d) the 
subcomplex of S{Gi) generated by the simplexes in Gi which lie in U' or in V'. 
Observe that the chain homomorphism uj restricts to a map 
S^'^'^^ (Gq). Denote by S^^''^\G) the cokernel of this restriction, 

Siu'yy^Cti) . 5i^'^>(Go) > 5i^'^>(G) . 0. 

One can easily see that S^^'^^{G) is a subcomplex of S{G) generated by the 
similarity classes of simplexes in Go which lie in ?7 or in y. Moreover, the 
sequence 

> S{G\unv) SiG\u)(BSiG\v) — 5W^>(G) > 

is exact and splits. Here v, j, i' and j' are the obvious inclusions of etale 
groupoids. Using the barycentric subdivision si) as in the proof of Theorem 
IV.2.5l we can see that the inclusion of S^^'^>(G) into S{G) is a chain equiva- 
lence. 



Theorem V.2.8 Let (j) : H ^ G he a continuous functor between etale 
groupoids which is an isomorphism on objects and surjective on morphisms. 
Then (p induces isomorphisms 

Hn{H-A)^Hn{G;A) 

and 

H''{G;A) ^H"iH;A) , 
for any abelian group A and n > 0. 

Proof. First we can identify Hq and Go- Since e = S{(f))oe, we have 
BSn{H) C BSn{G). Now because of the long exact sequences in Corollary 
IV. 2. 61 it is enough to prove that the inclusion 

BS{H) — > BS{G) 

is a chain equivalence. 

As in the proof of Theorem IV. 2. 51 we will use the barycentric subdivision. 
Because of the naturality of the chain homomorphism sO and the chain ho- 
motopy D both of these maps restrict from S'(Go) on BS{G) and also on 
BS{H). In particular, the restrictions of sO on BS{G) and BS{H) are chain 
equivalences. 

Let u and v be similar singular n-simplexes in Go- Hence there exists 
/ : A„ — > Gi such that dom o f = u and cod o f = v. Now (p : Hi Gi is a 
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surjective local homeomorphism, hence we can choose a finite open cover (Ui) 
of /(An) and sections Si : Ui ^ Hi of cp. We can barycentrically subdivide 
An sufficiently many times so that each simplex in the subdivision lies in an 
element of the cover {f~^{Ui)) of A^. This implies that the restrictions of u 
and u on a simplex in the subdivision are iJ-similar. In other words, there 
exists j > such that 

5d^{u-v) G BSn{H) . 

Since BS{G) is free, the standard argument yields that BS{H) — > BS{G) is 
a chain equivalence. 

■ 

Corollary V.2.9 Let G he an etale groupoid. Then 

U : Hn{G;A) ^ Hrr{ES{G);A) 

and 

e* : i/"(Eff(G);^) — > H''{G;A) 
are isomorphisms, for any abelian group A and n > 0. 

Example V.2.10 (1) Let G be an etale C^-groupoid of dimension q. There 
exists a Morita equivalent groupoid H such that Hq = JJ^g^-R"^. Using The- 
orem E2ill ^-nd the long exact sequence from Corollary IV. 2. 61 we get 

Hn+i{G;A) ^ BHn{H;A) and R''+\G;A) ^ BH''{H;A) , 

for any abelian group A and any n > 1. 

(2) Let G be an etale groupoid with Gq locally path-connected. Denote 
by r : G — > |G| the canonical continuous functor. Then r* : Hq{G;Zi) — > 
Hq{\G\] Z) is clearly surjective. The group Hq{\G\; Z) is the free abelian group 
on the set of G-connected components of Gq. For a G Gq denote by w{a) the 
0-simplex in Gq with the image point a. 

If a and a' are points in the same G-connected component of Go, there 
exists a G-path in Gq 

■ On ■ ■ ■ ■ ■ gi ■ O-Q 

from a to a', see Proposition 11.4.21 Now 

(9(e((To + . . . + an)) = ew{a') - ew{a) . 
This yields that is injective. Thus 

X. : Ho{G;Z) ^ Hoi\G\;Z) 



is an isomorphism. 
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(3) Let G be a subgroup of R". Put the discrete topology on G, and let 
G acts on R" by translations, i.e. y ■ g = y + g, for any y € R*^ and g ^ G. 
Define a homomorphism of groups / : 5o(R") R" on generators by 

f{m{y)) =y y G RV 

Since G(R")o = R'', we have B5o(G(R")) C 5o(R''). Observe that 

/(i?5o(G(R"))) = G . 

Moreover, if a and a' are G(R")-similar 1-simplexes in R"", there exists g (z G 
such that a{x) = a'{x) + g. Hence we have 

f{d{a-a')) = 0, 

so f induces a surjective homomorphism of groups 

a : BHo{G{TC);Z) — > G . 

We will show that a is in fact an isomorphism. 
For any g ^ G, put 

T{g) = w{g) - € S5o(G(R")) . 

Note that f{T{g)) = g. The group i?5o(G(R")) is generated by the elements 
of the form 

^{y + g) - ^{y) 

with y e R" and g e G. For y,y' G R", let a{y',y) : I ^ R" be the singular 
1-simplex in R" given by a{y',y){t) = ty' + (1 — t)y. For any y G R" and 
g eG we have a{y + g,g) - (7{y, 0) G 55i(G(R")) and 

d{cr{y + g,g) - a-{y, 0)) = + g) - w{y)) - T{g) . 

Hence BHq{G(JM^); Z) is generated by the homology classes of T{g)^ g & G. 

Next observe that for any g,g' G G we have a{g + g',g') — (T{g,0) G 
S5i(G(R")) and 

d{a{g + g', g') - a{g, 0)) = T{g + g') - T{g) - T{g') . 

This implies that a is an isomorphism. 

Finally, from (2) we know that the map u* : Ho{'W;Z) Ho{G{IC);Z) 
is an isomorphism. The long exact sequence in CoroUarv IV. 2. 61 thus implies 

Hi{G{TC); Z) ^ 5i?o(G(R"); Z) ^ G . 

(4) Let G be an etale groupoid such that the quotient map 

Go \G\ 
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is a local homeomorphism. Then we can define an etale groupoid H with 
Hq = Gq and Hi = Gq ^\Q\ Gq, and with the obvious structure maps. The 
map Go — > |G| can now be extended to a continuous functor : H ^ \G\ 
which is an essential equivalence. 

Observe that the canonical functor x : G ^ \G\ factors through ^p as 
X = ip o(j), where (p : G ^ H \s given as the identity on objects and by 

(j){g) = {codg, domg) 

for any g € Gi. Since (f) is surjective on morphisms, Theorem IV. 2. 81 implies 
that it induces isomorphisms on homology and cohomology. We can thus 
conclude that the functor r induces isomorphisms 

Hn{G-,A)^Hn{\G\-A) 

and 

H''{\G\;A) ^H'^{G;A) , 

for any abelian group A and any n > 0. 

(5) Let .7^ be a foliation on a finite-dimensional C^-manifold M. For any 
n > we define the singular homology groups Hn{{M, J-);Zi) of the transverse 
structure of T as the singular homology groups of the holonomy groupoid 
Hol(M, J'), 

Hn{{M,J^y,Z) = Hn{Rol{M,J^);Z) . 

By Theorem 021 we have Hn{{M, J^);Z) ^ i?„(HolT(M, T);Z) for any com- 
plete transversal T : N ^ M oi T. Moreover, the principal Ho1t(M, .F)- 
bundle over M which corresponds to J- (Example 11.3.31 (2)) induces a homo- 
morphism 

Hn{M;Z)^Hn{{M,Ty,Z) , 

for any n > 0. 

V.3 Bimodule Associated to a Principal Bibundle 

The aim of this section is to associate to a Hilsum-Skandalis C-map E between 
object-separated finite-dimensional etale C^'-groupoids H and G an isomor- 
phism class of a Cc(G)-C^ (i3')-bimodule C^{E). Here C^{G) denotes the con- 
volution algebra of C-functions on Gi as introduced by A. Connes P1[71I51IM|. 
We show that is a functor from the category of Hilsum-Skandalis C'-maps 
between separated finite-dimensional etale C""-groupoids to the category of lo- 
cally unital bimodules over the algebras with local units. In particular, this 
implies that the C-Morita equivalent separated finite-dimensional etale C- 
groupoids have Morita equivalent algebras - a result announced in a more 
general form in [2]. 
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Notation. (1) A topological groupoid G is called object- separated if Go is 
Hausdorff. It is called separated (or Hausdorjf) if Gi (and hence also Go) 
is Hausdorff. We shall denote by Qpdlsfe ^^^^ subcategory of Qpd^ with 
objects all the separated finite-dimensional etale C"" -group oids. Observe that 
if {E,p,w) G Qpd'^j:^{H , G) , then the space E is Hausdorff. 

(2) Recall that an (associative complex) algebra A has local units if for any 
xi,X2, ■ ■ ■ ,Xn € A there exists x & A such that XiX = x Xi = Xi, 1 < i < n. If 
A and B are algebras with local units, an .A-^B-bimodule M. is called locally 
unital if for any mi,m2, ■ ■ ■ , nin € Ai there exist x & A and y & B such that 
X ■ rrii = nii ■ y = mj, 1 < i < n. If C is another algebra with local units, M a 
locally unital ^-,B-bimodule and J\f a locally unital ,B-C-bimodule, then 

is a locally unital .4-C-bimodule. Moreover, B itself can be viewed as a locally 
unital H-5-bimodule, and there are canonical isomorphisms of bimodules 

and 

B0B^f = ^^. 

Hence we have a category Alg with the associative complex algebras with 
local units as objects, with the isomorphism classes of locally unital A-B- 
bimodulcs as morphisms in Mg(B, A), and with the composition induced by 
the tensor product. We shall denote the isomorphism class of a locally unital 
^-;B-bimodule M. again by M. 

(3) For a Hausdorff finite-dimensional C-manifold M, denote by Cl{M) 
the vector space of complex C-functions on M with compact support. 

(4) Let M be a finite-dimensional C-manifold, not necessarily Hausdorff. 
If U C M is (the domain of) a chart for M and /' G C^{U), we will denote 
by f'^ the extension of /' on M by zero. A function / on M is called a 
basic C^-function on M with support in a chart U of M if /|[/ G C^{U) and 
/ = {f\u)^- In this case we write 

supP[/(/) = supp(/|[/) . 

A G^-function on M is a function on M which is a sum of basic G^-functions 

on M, and the vector space of such functions will be denoted by C^(M) (this 
coincide with (3) if M is Hausdorff). Using partitions of unity we can see that 
if Z// is a cover of charts of M, we have 

CUM) = Cl{U)^ , 

U&A 

i.e. any G^-function on M is a sum of basic G^-functions with supports in the 
elements of lA. 
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(5) Let « : iV — > M be a local C-difFeomorphism of finitc-dimcnsional 
C^-manifolds. There is an induced linear map u+ : Cl{N) — >• Cc{M), which 
is given by 

We say that an open subset U C N is elementary for u if u\u is injective. 
Observe that if ?7 is a chart of N, i : U N the open embedding and 
/ G Cj:{U), we have 

Definition V.3.1 Let G, H and K he object- separated finite- dimensional 
etale C -groupoids. Let {E,p,w) he a C' -principal G-H-hihundle, and let 
(E',p',w') be a -principal H-K-bibundle. Define a bilinear map 

P = PE,E' : C:iE) X C:{E') CUE ® E') 

by 

p{m, m'){e ® e) = m(e • h)m'{h~^- e) . 

cod h=w{e) 

Remark. Since m' is a C^-function and the fibers of w' are discrete, the value 
m'{h^^- e') is zero for all but finitely many h with codh = w{e), so the sum 
is always finite. It is clearly invariant on the choice of a representable for the 
class e®e'm.E®E'. Thus p(m, m') is a well-defined function on E® E' . We 
have to check that it is a C^-function. 

To see this, we can assume that m and m' are basic, with supports in the 
charts U and U' respectively. We can further assume that U is elementary for 
w and U' is elementary for w' . 

The open subset U Xj^^ U' of E y-jj^^ E' is a chart, and elementary 
for the quotient projection q : E Xjj^ E' E ® E' (which is a local C^- 
diffeomorphism) . In particular, q{U Xjj U') = U ® U' \s & chart. It is C""- 
diffcomorphic toV = U'np'~^{w{U)), and the diffeomorphism S : V ^ U®U' 
is given by 

5{e') = {w\u)-\p'{e'))®e' . 

We will show that p(m, m!) is a basic C^-function with support in [/ (g) U' . 

First, it is clear that p{m, m') is zero outside U U' . Next, let e' G V. 
Then we have 

p(m, m')((5(e')) = m{{w\u)^^ {p {e )))m' {e) = w+{m){p {e ))m {e') . 

Note that the right hand side, which we will denote by f'{e'), is well-defined 
for any e' G U', and /' G C^{U'). Put S = suppw;+(m). Now {p'\u')~^{S) is 
closed in U', therefore 

W = {p'\u')-\S) nsuppu'im') 
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is compact. But clearly W <ZV and /' is zero outside W . This proves that 

r\v = p{m,m')o5eCl{V), 
hence p{m,m') G C^(£' E'). 

Proposition V.3.2 Assume that G, H , K and L are object- separated finite- 
dimensional etale C^ -groupoids. Let {E,p, w) be a -principal G-H -bibundle, 
let {E',p',w') be a C^ -principal H -K -bibundle, and let {E" ,p" ,w") be a C- 
principal K-L-bibundle. Then for any m S C^{E), m! E C^{E') and m" E 
Cl{E") we have 

p{p{m,m'),m") = p{m, p{m' ,m")) . 

Remark. Here we have identified {E O E') (g) E" and E ® (E' (g) E") in the 
natural way. 

Proof. Take any e(^e' ®e" e{E® E') ^ E" ^ E {E' (g) E"). Then 

p{p{m,m'),m"){e e' e") 

= p{m,m'){e e' • k)m" (k^^- e") 

cod k=w'{e') 

= m{e ■ h)m'{h~^- e' ■ k)m"{k^^- e") 

codk=w' {e') codh=w{e) 

= ^2 m{e ■ h)p{m' ,m"){h^^- e ® e") 

cod h=w{e) 

= p{m,p{m\m")){e® e' <S) e") . 



Remark. The algebra C^{G) of C^-functions on an object-separated finite- 
dimensional etale C^-groupoid G is defined as the vector space C^(Gi), 
equipped with the product 

{xx'){g) = ^i9')x'ig") , 

9=9' 09" 

for any x,x' E C^(Gi) and g E Gi. The algebra CJ^{G) is clearly associative 
with local units. But note that 

ixx'){g) = PQ^^Q^ (x, x')(l ®g) = PGi.Gi ^')'^9 ® 1) ■ 

In an analogous way we can define a structure of a C^(G)-C^(-ff )-bimodule 
on C^{E)^ for any C^-principal G-i?-bibundle E, where G and H are object- 
separated finite-dimensional etale C^'-groupoids, as follows: 
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Definition V.3.3 Let G and H be object- separated finite- dimensional etale 
C -groupoids, and let {E,p,f) be a -principal G-H-bibundle. Define a 
C^{G)-Cl{H)-bimodule structure on CJ^{E) by 

(x ■ m){e) = p{x, m)(l ® e) = x{g)m{g~^- e) 

cod g=p(e) 

and 

(m • y){e) = p{m, y)(e (g) 1) = ^ m(e • h)y{h^^) 

cod h=w{e) 

for any x E CJ^{G), m G CJ^{E), y G CJ^{H) and e € E. 

Remark. Proposition IV.3.'2l implies that this gives indeed a bimodule struc- 
ture on C^(-E). For example, 

((a • m) • 6)(e) = p(p(a, m), 6)(1 (g) e (g) 1) 
= p(a, p(m, 6))(1 (g) e (g) 1) 
= (a • (m • 6))(e) . 

It is obvious that C^{E) is locally unital. 

Let G, H and K be object-separated finite-dimensional etale C""-group- 
oids, let ii^ be a C^-principal G-iJ-bibundle, and let E' be a C"'-principal 
H-K-hihxindle. Proposition IV.3.21 implies 

p(p(m, y),m'){e (g 1 (g e') = p{m, p{y, m')){e (g 1 (g e') 

for any m G C^{E), y G C^^{H), m' G Q(-E') and (e,e') G E Xjj^^ E' . In 
other words, after identifications E (g Hi = E and Hi E' = E' , we have 

p(m • y, m') = p(m, y ■ m!) . 
Therefore p induces a linear map 

U = Ue,e' : C'ciE) ®criH) Cl{E') Cl{E E') . 
If the groupoids are separated, this map turns out to be an isomorphism: 

Theorem V.3.4 Let G, H and K be separated finite- dimensional etale - 
groupoids, let {E,p,w) be a C"^ -principal G-H-bibundle and let {E',p',w') be 
a -principal H -K -bibundle. Then the map U : C^(£^) ^c^^iH) ^ci^') — ^ 
C'c{E (g E') given by 

I3{m (g) m')(e (g e') = m{e • h)m'{h'^^- e') 

cod h=w(e) 

is an isomorphism of C^{G)-C''^{K)-bimodules. 
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Before we prove the theorem, we have to study the elements of the tensor 
product Cl{E) (^c^'XH) ^ci^') more closely. 

Notation. Let G, H and K be separated finite-dimensional etale C^- 
groupoids, let {E,p,w) be a C'-principal G-iJ-bibundle and let {E',p',w') 
be a C-principal ii"-l^-bibundle. If m G C'^{E) and m' G C^{E'), we de- 
note by m (g) m' the tensor in C^{E) (^c^'iH) ^ci^')- Let U he a chart of E 
elementary for w and U' a chart of E' elementary for w' . A basic pair (of 
C^-functions) on ([/, U') is a pair {m,m'), with m G C^{E) and m' G Cl{E'), 
such that m has support in [/, m' has support in U' and p'{U') C w{U). A 
basic pair (m, m') on ([/, [/') is called normalized if 

z/;+(m)|p/(suppm') = 1 ■ 

Lemma V.3.5 Let G, H and K he separated finite- dimensional etale C"*- 
groupoids, let {E^p,w) he a -principal G-H-bibundle and let {E',p',w') be 
a -principal H-K-bibundle. Let U and U' be charts of E respectively E' , 
elementary for w respectively w' . 

(i) Let m and m' be C^ -functions on E respectively E' with supports in U 
respectively U' . Then there exists an open subset V C U' and a C^- 
function m'l on E' with support in V such that {m,m'^) is a basic pair 
on {U, V) and 

m® m' = m® m'l . 

(ii) For every basic pair {m,m') on {U,U') there exists a normalized basic 
pair {mi, m'l) on {U,U') such that 

m0 m' = mi (g) m'l . 

(Hi) If {m,m') and {mi,m') are normalized basic pairs on {U,U'), then 

m(^ m' = mi ® m' . 

Proof, (i) Take V = U' D p'^'^{w{U)), and choose y G Cl{H) with suppy C 
w{U) and y|supp(to+(m)) = 1- First observe that m • y = m, hence 

m®m' = m- y0m' = m®y-m'. 

For any e' G E' we have 

{ym'){e') = y{p'{e'))m'{e'). 

As in the remark to Definition IV. 3 . 1 1 we can conclude that m'l = y -m' has the 
support in V. 
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(ii) Choose mi G C^{E) with support in U such that mi|suppm = 1, and 
put y = {uni ow)+{m). Then we have mi ■ y = m and hence 

m® m! = mi ■ y ® m' = mi ® y ■ m' . 

Observe that {mi,y ■ m') is a normalized basic pair on (U, U'). 

(iii) Let y = (uni o'w)^{m) and yi = {uni ow)+{mi). Note that m ■ yi = 
mi ■ y and y ■ m' = yi ■ m' = m' . Hence 

m® m' = m ® yi ■ m' = m ■ yi ® m' 
= mi ■ y ® m' = mi ® y ■ m' 
= mi (8) m' . 



Lemma V.3.6 Let G, H and K he separated finite- dimensional etale - 
groupoids, let {E,p,w) be a C^' -principal G-H-bibundle and let {E',p',w') be 
a -principal H-K-bibundle. Let U and U' he charts of E respectively E' , 
elementary for w respectively w' . Let (m, m') he a basic pair on (U, U') and let 
V he a chart of E' , elementary for w' , such that w'{U') C w'iV). Then there 
exist charts Ui of E elementary for w, open subsets of V and normalized 
basic pairs {mi, m'^ on {Ui, Ul), i = 1,2, . . . ,n, such that 

n 

m® m' = mi® m'i . 

i=l 

Proof. Since E' is principal there is a continuous map 9 : U' ^ Hi such that 

code{e') = p'{e') and e{e')-^- e' for any e' G U' . Put S = suppm' C U' . 

First we assume that 9{S) C for a chart W of Hi elementary for 
dom. Choose y G C^{H) with support in W such that yle^s) = 1- Note that 
a = {w'\v)~^ ow'\u' '■ U' ^ V is axL open C'-embedding, and 

a{e') = e{e')-^- e' 

for any e' G U'. Define now / G CJ^{E') with support in a{U') by f{e') = 
m'{a~^{e')), for any e' G a{U'). It is now easy to see that 

y-f = m'. 

Now we can write m • y as a sum of C^-functions mi on E with supports in 
Ui, i = 1,2, ... ,n, where Ui are charts elementary for w. Hence we have 

n 

m®m' = m®y-f = m- y®f = mi® f . 

i=l 
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Finally we use Lemma IV.3.51 (i) to find open subsets U- C a{U') and C^- 
functions m- with supports in U- such that {mi,m'^) is a basic pair on {Ui, f//) 
and nii® f = mi® m-, for any i = 1, 2, . . . , n. By Lemma IV.3.51 (ii) we can 
normalize those basic pairs. This completes the proof in the special case. 

Now we will deal with the general case. Since 9{S) is a compact subset 
of Hi, we can choose a finite cover {Wj)^^^^ of 9{S) consisting of charts of 
Hi elementary for dom. Put Vj = 9~^{Wj). Now {Vj)^^^^ is an open cover 
of U' , and we can choose a partition of unity {ujYj^^ on S <Z U' such that 
Uj : E' [0, 1] is a C^-function with support in Vj fl U' . In particular, 
Ylij=i = 1 for any e' G S. Put u = X]j=i ^j- Now we have 

k 

m! = m! ■ (uni ow') + {u) = ^^"t-' • {uni ow') + {uj) , 

hence 

fc 

m (g) m' = m (8> m' • (uni o tt;')_|_(nj) . (V.2) 
i=i 

For each j = 1,2, . . . , k, the function m' -{uni o w')+{uj) has support in V^- nC/', 
and 

0(supp(m' • {uni ow')+{uj))) C . 

We can now use the first part of the proof on each of the summands of the 
equation ()V.2|) . 

■ 

Proof of Theorem IV.3.4L Proposition IV. ,3. 21 implies that 15 is a homomor- 
phism of C^'(G)-C^(-ff )-bimodules. First we shall prove that the map 15 is 
surjective. Let m" be a -function on E E' . We have to prove that m" 
is in the image of 13. We can assume without loss of generality that m" has 
support in U ® U' , where U and U' are charts of E respectively E' elemen- 
tary for w respectively w' , and such that p'{U') C w{U). Thus we have the 
C-diffeomorphism / : U' — > U ®U' given by /(e') = {w\u)^'^{p' {e.')) ® e' . 
Define m' G Cl{E') with support in U' by m'(e') = m"(/(e')) for e' G U' . 
Since 

S = (w|(7)~^(p'(suppm')) 

is a compact subset of U , we can choose m G C^{E) with support in U such 
that mis = 1. It is easy to see that 

L5(m ® m') = m" . 

Finally, we have to prove that 13 is injective. Let r] G C^(i?)®(^r(^) Cl{E') 
such that 0(?7) = 0. By Lemma FV . 3 . 51 we can write 

n 

r] = ^ rrii® m[ , 
i=l 
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where {mi,m[) is a normalized basic pair on (f7j, Ul), for some charts Ui and 
Ul for E respectively E' elementary for w respectively w' . We have to prove 
that r] = 0. 

(a) First assume that n = 1. Then 

= U{7]){e (X) e) = mi{e)m'i{e') 

for any e' € U[ and e G E such that w{e) = p'(e'). Now if m'^(e') 7^ for some 
e' € f7{, we can choose e € i(;~^(p'(e')) such that mi(e) = 1 since {mi,m'i) 
is normalized. This is a contradiction, hence we must have m'l = and thus 
?? = 0. 

(b) Assume now that there exists a chart V of E elementary for w such that 
C y for any i = 1,2, ... ,n. We will now prove that 77 = by induction 

on n. The case n = 1 is checked with (a). For the induction step, denote 
S'i = suppm^. Si = {w\uJ~-^{p'{Sl)), Ai = Un n Ui and Q = n Si, for any 
i = 1, 2, . . . , n. Put A = (jr=/ ^'^'^ ^ ~ Ur==/ ^i- First we will prove that 

p'{S[,) C u;(C) C w{A) . (V.3) 

Since is separated, the set C is compact and hence w{C) is closed in Hq. 
Thus it is enough to see that p'{e') G w{C) for any e' G 5^ with m^(e') / 0. 
Take such an e' G 5(j, and let e = (ii'|f/„)~"'^(p'(e'))- Observe first that e G 5^. 
Now since U{i]) = we have 

n 

I5{r]){e ® e') = ^ mi{e)m'i{e') = . 

The assumption m^(e') 7^ and the fact that the pair [mn,m'^ is normalized 
imply rrinie) = 1. Thus there exists < i < n — 1 such that 

'mi{e)m'i{e') / . 

Therefore e G Ai, and moreover, since 77i^(e') 7^ 0, we should have e G Sj. This 
yields e G C, and proves the equation ()V.3|) . 

Using Lemma IV. 3. 51 (iii) we can thus assume without loss of generality 
that supprrin <Z A C Un- Choose now a partition of unity {ui)'^~l on p'iS^) C 
w{A) such that Ui : Hi [0, 1] is a C^-function with support in w{Ai). In 
particular, J27=i '^ii^) — 1 fo'^ ^ ^ P'{S'n)- u = Yl^Zi Ui. We have 

n-1 
i=l 

and hence 

n-1 

nin <Si m'^ = ^ m„ • ® m'^ . 

i=l 
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Note that m„ • Ui has support in Ai. Using Lemma IV. 3. 51 fi) and (ii) we can 
find open subsets Bi C and normahzed basic pairs {fi, f[) on {Ai^Bi) such 
that 

fi® f'i=mn-Ui® m'„ , 

for any i = 1, 2, . . . , n — 1. But since Ai C ?7i, (/i, f[) is a normahzed basic 
pair on {Ui,Bi U Ul) as weU. By Lemma lV.3.51 f iii) we can assume without loss 
of generahty that mj|supp/i = 1> by changing rm if necessary. In particular, 
fi f'i = rrii® fl. Now we have 

71—1 n — 1 n— 1 

?7 = ^ mj (g) m • + ^ mj Cg> /j' = ^ nii (g (m • + fl) . 

i=l i=l 1=1 

Observe that {mi,m^ + /j') is a normalized basic pair on {Ui,Bi U C//), and 
Bi U ?7j' C The induction hypothesis thus gives r] = 0. 

(c) Assume that there exists a chart V of E' elementary for w' such that 
w'{U^) C Using Lemma fV-S-Gl we can then reduce the proof to the case 
in (b). 

(d) Finally we deal with the general case. Choose a partition of unity 

('^i)r=i on 

n n 
i=l i=l 

of C^-functions Vi : Ki — > [0, 1] with supports in w'{Ul), z = 1,2, . . . ,n. In 

particular, X]r=i^«('^) ~ ^ ^ UiLi ^'(^^PP^-D- ^ ~ Y17=i^i ^ 

C^{K). Hence we have 

n n n 

Tj = T] ■ V = T] • Vj = nii® m'j^- Vj (V.4) 

and ^(r/ • fj) = I3{r]) ■ vj = 0. Let < j < n. Now • vj has support 
in Ulj = [/• n u;'~i(u;'(?7j)), and ^^'([/ij) C w'{U^), for any i Therefore the 
summand 

n 

7] ■ Vj = ^ rrii® m[- Vj 

i=l 

of the equation HV.4|) satisfies the condition of the case (c), by taking V = 
Vj = U'j. Thus 7] ■ Vj = for any < j < n, hence r] = 0. 



Theorem V.3.7 The map C^ : QpdTgf^ — > Alg is a functor. In particular, 
if G and H are C' -Morita equivalent separated finite- dimensional etale C^- 
groupoids, then the algebras C^{G) and C^{H) are Morita equivalent. 

Proof. The functoriality of follows from Theorem IV. 3. 41 
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Samenvatting 



In dit proefschrift bestuderen wij Hilsum-Skandalis-afbccldingen, in het bijzonder 
Reeb-stabiliteit cn algcbrai'schc invariantcn van dczc afbccldingcn. 

Het eerste hoofdstuk is ccn overziclit van enlcclc basisbegrippen betrefFendc foli- 
aties, topologische grocpoiden en Haefliger-structuren, die de achtergrond voor ons 
work vormen. Het belangrijkste voorbeeld van een Haefliger-structuur is een foliatie 
op ccn varieteit, maar elke Haefliger-structuur op een topologische ruimte X met 
waarden in een etale groepoide kan worden gezien als een gegeneraliseerde foliatie op 
X: het induceert een verdeling van X in bladcn voorzien van een fijnere topologie 
(bladtopologie) en met de holonomiegroep. De holonomicgroepoi'de, of zijn Morita- 
equivalentie klasse, is een goede representant voor de transversale structuur van een 
foliatie, in tcgenstelling tot de bladenruimte die te weinig informatie bevat. Een 
foliatie J- op een varieteit M kan worden voorgesteld door een Haefliger-structuur 
op M met waarden in de holonomiegroepoi'de van gereduceerd tot een complete 
transversaal. Deze structuur neemt de rol over van de quotient-projectie van M 
op de transversale structuur van en is een voorbeeld van een Hilsum-Skandalis- 
afbeelding tussen topologische groepoi'den. De Hilsum-Skandalis-afbeeldingen vor- 
men een categorie waarin twee topologische groepoi'den isomorf zijn precies indien zij 
Morita-equivalent zijn. 

In het tweede hoofdstuk laten wij zien dat elke Hilsum-Skandalis-afbeelding tussen 
topologische grocpoiden H en G kan worden gezien als een gegeneraliseerde foli- 
atie op H: het induceert een verdeling van do ruimte Hq van de objecten van H 
aan ilf-invariante deelverzamelingen - bladcn - toegerust met de bladentopologie, 
holonomiegroep en een werking van H. Indien G etale is, is de holonomiegroep van 
een blad L het beeld van een (holonomie-) homomorfisme gedefinieerd op de funda- 
mentaalgroep 'k\{H{L)) van de groepoide H{L) verbonden met de werking van H 
op L. 

De Reeb-stabiliteitsstelling zegt dat een compact blad van een foliatie met eindige 
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holonomiegroep een omgeving van compacte bladen heeft. In het derdc hoofdstuk 
breiden wij deze stelling uit, en ook zijn generalisaties van Thurston en Haefliger, 
tot Hilsum-Skandalis-afbeeldingen. Om de Reeb-Thurston-stelling uit te breiden in- 
troduceren wij het hneaire holonomie-homomorfisme dHL van een blad L van een 
Hilsum-Skandalis-afbeelding E, van een topologische groepoide H, naar een etale C^- 
groepoide G gemodelleerd op een Banachruimte. Dit homomorfisme is gedefinieerd 
als een representatie van do fundamentaalgroep tti{H{L)) aan de raakruimte van de 
varieteit Gq in een geschikte punt. Indien E voldoet aan geschikte voorwaarden, 
bewijzen wij: Laat L een blad van E zijn met compacte banenruimte, zodat 

(i) KeidHL een eindig voortgebrachte groep is, 

(ii) Hom(KerdWL,R) = {0}, en 

(iii) het beeld van dTiL eindig is. 

Dan is de holonomiegroep van L eindig, en L heeft een ilf-invariante omgeving van 
bladen van E met compacte banenruimten. 

In het vierde hoofdstuk illustreren wij de resultaten van het derde hoofdstuk voor 
het geval van een equivariante foliatie op een varieteit M met een werking van een 
discrete groep G. Aan een zodanige foliatie verbinden wij een Hilsum-Skandalis- 
afbeelding van G{M) naar de groepoide van kiemen van diffeomorfismen van R^. Op 
deze manier verkrijgen wij de equivariante versies van de Reeb- en de Reeb-Thurston- 
stabiliteitsstelling. 

In het laatste, vijfde hoofdstuk presenteren wij een aantal algebrai'sche invari- 
anten van Hilsum-Skandalis-afbeeldingen. Eerst geven wij een definitie van de hogere 
homotopiegroepen van topologische groepoi'den met behulp van de Hilsum-Skandalis- 
afbeeldingen, en bewijzen wij dat die invariant zijn onder de Morita-equivalentie. 
Onder bepaalde voorwaarden op een topologische grocpoi'dc G zijn dczc grocpcn pre- 
cics dc hogcrc homotopiegroepen van dc classificercndc ruimtc en de classificerende 
topos van G. Dan laten wij zien dat de singulicrc homologie van topologische ruimten 
met behulp van Hilsum-Skandalis-afbeeldingen op een natuurlijke manier uitgebreid 
kan wordcn tot de topologische groc;poidcn. Deze homologie is invariant onder de 
Morita-equivalentie en is veel eenvoudiger dan de singuliere homologie van de clas- 
sificerende ruimten van de groepoi'den. Voor een etale groepoide G drukken wij de 
singuliere homologie van G uit als de homologie van een riuoticnt van de singuliere 
complex van de ruimte Go, en wij laten zien dat de "effect-functor" een isomorfisme 
induceert tussen de singuliere homologie van G en die van Eff(G). Tot besluit con- 
strueren wij voor elkc Hilsum-Skandalis-afbeelding E tussen Hausdorff etale eindig- 
dimcnsionale C-groepoiden H en G een (G)-Cg (i?)-bimodule C^{E), waarin 
Cl{G) dc Connes- algebra van C^-functies op G is. Op deze manier krijgen wij een 
functor van ccn dcclcatcgoric van Hilsum-Skandalis-C""-afbeeldingen naar de categoric 
van bimodulen over de algebra's met locale eenheden. Een van de gevolgtrekkingen 
is dat de C-Morita-equivalente Hausdorff etale eindig- dimensionale C-groepoi'den 
Morita-equivalente algebra's hebben. 
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